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Abstract 
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The Painleve test for various discrete Boltzmann equations is performed. The connection 
with integrability is discussed. Furthermore the Lie symmetry vector fields are derived and 
group-theoretical reduction of the discrete Boltzmann equations to ordinary differentiable 
equations is performed. Lie Backlund transformations are gained by performing the Painleve 
analysis for the ordinary differential equations. 

1. Introduction 

In the case of pairwise collisions of particles, discrete models of the 
Boltzmann equation are given by a system of first order partial differential 
equations (Godunov and Sultangazin 1971) with a quadratic non-linearity on 
the right-hand side, i.e. 

a fi -+ 1 ~ ij _kI 
~t +.ai . '!iJ fi = - L. (UkJfkfI - OJ) f;fj), 
v E jkI=1 

(1) 

where fi(t,X) (i = 1, .' ., N) is the distribution function of the particles flying 
in the directi~~ TIl, the parameter E is an analogue of the free path length 
and the atl (U~I) describe the reaction of the pairwise collisions. Equation (1) 
describes an abstract gas, the molecules of which have only finitely many 
velocities TIl, TI2, ••• , TIN and in collision take on one velocity from this set. 
The most studied two-velocity models are the Carle man model 

~ + a u = .!.(y2 _ u2) at ox E ' 

a y _ a y = .!.(U2 _ y2) 
at ox E ' 

(2) 
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and the McKean model 

au au 1 2 -+- = -(v -uv) 
at ax E ' 

a v _ 0 v = .!.(-v2 + u v) 
at ax E ' 
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(3) 

respectively. Here we consider these two models as well as the one-dimensional 
one by Broadwell (1964) who considered a so-called three-velocity model 

au + au = .!.(V2 -uw) 
at ox E ' 

ov 1 2 at =-2E(V -uw), 

OW _ ow = .!.(v2 _ uW). 
at ox E 

(4) 

The H-theorem is satisfied and the conservation laws are given by 

O(U-W) o(u+w)_o 
at + ox -, 

o(u+4v+w) o(u-w)_o 
at + ax -. (5) 

Under collision there occurs the reaction A + B - C + C and C + C - A + B. Note 
that this model contains three discrete velocities (.ax = -1,0, 1) in one space 
dimension. The Carleman and McKean models both contain two discrete 
velocities (+1, -1) with the reactions 

A+B-A+A, A+A-A+B, 

respectively. 
The Painleve test (Weiss et al. 1983; Steeb and Euler 1988) for the models 

given by equations (2), (3) and (4) is performed and the connection with 
integrability is discussed. Furthermore we give solutions. 

2. Carle man and McKean Models 

Before studying the one-dimensional Broadwell model let us summarise 
the results for the two-velocity models given above (Steeb and Euler 1987). 
The Carleman and McKean models can be combined to the system of partial 
differential equations 

(6) 

where kl' k2 and k3 are constants. Before performing the Painleve test, let 
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us describe certain properties of system (6). On inspection we find the 
conservation law 

o(U + v) o(u - v) _ 0 
ot + ox -. (7) 

System (6) is scale invariant under t -+ E-1 t, X -+ E-1 X, U -+ EU, V -+ EV, i.e. it 
admits the Lie symmetry vector field 

5 = -to jot -xo jox + uo jo U + vo JOY. (8) 

System (6) also admits the symmetry vector fields X=ojox and T=ojot. The 
symmetry vector fields {5, T, Xl form a non-Abelian Lie algebra. Lie Backlund 
vector fields could not be found for the Carle man and McKean models, indicating 
that these models are not integrable. On the other hand, we find a hierarchy 
of Lie Backlund symmetry vector fields for the case kl = k2 = 0 (two wave 
interaction) (Steeb and Euler 1987). This hierarchy of Lie Backlund vector fields 
indicates that the system (6), with kl = k2 = 0, must be completely integrable 
(Steeb and Euler 1987). Since. one conservation law is known, we can find a 
hierarchy of conservation laws with the help of the Lie point symmetries and 
Lie Backlund vector fields. This approach has been described by Steeb and 
Strampp (1982). 

The space-independent case, namely 

(9) 

is completely integrable where we have to impose the constraints U ~ 0, v ~ 0 
with u+v = 1. The first integral is given by h[u, v] = u+v. Then the integration 
of 

du dv dt 
kl v2 + k2U2 + k3UV = -kl v2 - k2U 2 - k3UV = T 

(10) 

can easily be performed, where we have to distinguish between the case 
kl + k2 + k3 = o and kl + k2 + k3 =I o. The first case includes the Carleman model. 

Also the solution for the time-independent case can easily be found. Equation 
(9) passes the Painleve test. The Kowalewski exponents (see Yoshida I983a, 
I983b for the definition) are given by Yl = -1 and Y2 = I, where Y2 corresponds 
to the constant of motion (Steeb and Louw 1986). The resonances (see Ablowitz 
et al. 1980 for the definition) are the same. 

Let us now perform the Painleve test for system (6). Inserting the ansatz 
U oc uocf>n and v oc vocf>m yields n = m = -1 and 
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Owing to the conservation law (7), which can be written as nt + jx = 0, where 
n = U + v (local density) and j = U - v (local current density), we find, using the 
scaling invariance, the scaling behaviour n[Eu, EVJ = En[u, vJ, j[EU, EVJ = Ej[U, vJ. 
Therefore, r = 1 (besides -1) is a Kowalewski exponent. The resonances are 
the same. Inserting the expansion 

00 

U = cj>-1 L UjqJ, 
j=O 

00 

V=cj>-1 LVjqJ 
j=O 

into system (6), we obtain at the resonance r = 1 the equations 

(12) 

(13) 

The expansion coefficient UI (or VI) (which depends on x and t) cannot be 
chosen arbitrarily, since UOt + UOx i - VOt + VOx in general. Rather, we find a 
constraint on cj> from the requirement UOt + UOx = -VOt + VOx, namely 

(14) 

where 

(15) 

From equation (14) we draw the following conclusions. For kI = k2 = 0, the 
system (6) passes the test and it is conjectured that it is integrable. This is 
in fact true because truncation at the constant level term (Weiss 1984) leads 
to the Backlund transformation 

u(x, t)=(olot-olox)ln cj>, Vex, t) = (-0 lot - 0 lox) In cj>, (16) 

where cj> satisfies the linear wave equation 02cj>lot2 - 02cj>lox2 = 0 with k3 = l. 
Since the general solution to the wave equation is well known, we find the 
general solution to system (6) when kI = k2 = O. For kI i 0 and (or) k2 i 0, 
system (6) does not pass the Painleve test. It is then conjectured that the 
system is not integrable. Notice that there are exceptions to this rule. In the 
present case, however, the conjecture is consistent with the fact that there· 
are no Lie Backlund vector fields and no hierarchy of conservation laws for 
system (6) with kI i 0 or k2 i o. 

Particular solutions can be found by investigating the constraint (15). 
Equation (15) is invariant under the Mobius group cj> = (al/J + b)/(CI/J + d) where 
ad-bc= 1 with the inverse transformation 1/J=(dcj>-b)/(-ccj>+a). Equation (15) 

. is even invariant under cj> = G(I/J), where G is a twice differentiable function, 
and admits the symmetry vector fields 

010 t, 0 lox, xo 10 t + to lox, xo lox +to 10 t + cj>o locj>. (17) 
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Any plane wave cf>(x, t) = g(kx - rot) is a solution to equation (15) with an 
arbitrary smooth function g. This is related to the fact that a group-theoretical 
reduction of system (6) via u(x, t) = (1 (kx - rot), v(x, t) = (2(kx - rot) leads to 
a system of ordinary differential equations which pass the Painleve test. 
Furthermore, we see that cf>(x, t) = t/x [or cf>(x, t) = x/t] is a solution to equation 
(15). Consequently, the group-theoretical reduction of system (6) via 

1 
u(x, t) = - (1 (S), 

X 

1 
v(x, t) = -(2(S) 

x 
(18) 

(S = t/x : similarity variable) yields a system of ordinary differential equations 
which pass the Painleve test. The system is given by 

(1 - s)(~ = (1 + kif? + kdf + k3(If2, 

(1 + s)(~ = -(1 - kif? - kdf - k3(If2. (19) 

All group-theoretical reductions of system (6) lead to systems of ordinary 
differential equations which pass the Painleve test. 

The general solution (Cauchy problem) is not known for the Carleman 
and McKean models. It is commonly believed that these equations are not 
integrable (Ernst 1981). This agrees with our findings that the system does 
not pass the Painleve test and that there are no Lie Backlund vector fields. 

The constraint (15) also arises in other nonintegrable field equations. It 
seems that constraint (15) plays a central role in nonintegrable field equations 
(Steeb and Euler 1987). We also find this constraint for the three-velocity 
model. 

Equation (15) can be linearised by a Legendre transformation which is given 
by 

cf>(x, t) + W(E, r}) = XE + tr}. (20) 

It then follows that 

(21) 

The general solution to equation (21) is given by W(E, r}) = G(E/r}) + r}H(E/r}), 

where G and H are arbitrary smooth functions. 
A particular solution of the Carleman model can be found as follows (Steeb 

and Grauel 1985). We put S := u + v, D := u - v and E = 1. Then the conservation 
law takes the form 

Sr+Dx = o. (22a) 

Moreover, we have 

Dr + Sx = -2DS. (22b) 
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Now we assume that Sx - Dt = O. From this equation and from equation (22a) 
we obtain Stt +Sxx = 0 and Dtt + Dxx = O. Thus Sand D satisfy Laplace's equation 
and St + Dx = 0, Sx - Dt = 0 can be viewed as Cauchy-Riemann equations. 
Consequently, we can put 

W(z) = S(x, t) + iD(x, t), (23) 

where z=x+it and W is an analytic function. To satisfy equation (22b) we set 

dw = ~(w2 +C) 
dz 2 ' 

(24) 

where C E Rand w2 = S2 _D2 +2iSD. Consequently, the real and imaginary parts 
of any solution of equation (24) satisfy equations (22a) and (22b). Equation 
(24) is of Ricatti type and therefore has the Painleve property (Hille 1976). 
Let us now construct solutions to (24) and therefore of (2). When we insert 
the ansatz 

(25) 

and put Wj = 0 for j ~ 2 [cutoff at constant level term (Weiss 1984)], we find 
that (E = 1) 

Wo = 2icf>z. (26) 

dwo . 
dz = IWOWl, (27) 

dWi i 2 
dz = 2(Wi + C). (28) 

This means that Wi satisfies equation (24). The three equations are compatible. 
If we put Wi = (_C)1/2, equation (28) is satisfied and it follows that 

(29) 

This equation linearises (24), namely 

(30) 

This linear equation can easily be solved, where we have to distinguish between 
the case C = 0 and C of O. Inserting the solution of (30) into (29), we obtain a 
solution of (24). Now the real and imaginary parts of the complex function w 
lead to Sand D and finally to u and v. By a straightforward calculation we 
find (Wick 1984) 

u(x t) = ~ sgn(p) sinh(t -In I pi) + sin x , 
, 2 sgn(p) cosh(t-Inlpi) - cos x 

( ) 1 sgn(p) sinh(t - In I pi) - sin x v x t = - ---"'---:-'--:---,--;-,---;,..-;--;-,----
, 2 sgn(p) cosh(t-Inlpi) - cos x' (31) 



Painleve Test and Discrete Boltzmann Equations 7 

where Ipl ~ 21/2 - 1. This condition arises because u ~ 0, v ~ 0 and, therefore, 
5 ~ 0 and 52 - D2 ~ O. It can easily be seen that another solution (Wick 1984) 
to (24) is given by w(z) = 2;;z, where C = o. Steeb and Grauel (1985) found a 
Backlund transformation for the ordinary differential equations of the Carleman 
model and thus gained a special solution, via the similarity ansatz, for this 
model. 

3. Three-velocity Model 

We consider now the three-velocity model (4). The conservation laws are 
given by (5). Equation (4) is scale invariant under t -+ E-1 t, x -+ E-1 x, U -+ 

w, v -+ EV, W -+ EW, i.e. system (4) admits the Lie symmetry vector field 

5 = -t%t-x%x + u%u + VO/O V + w%w. (32) 

Moreover, system (4) admits the Lie symmetry vector fields X and T. Lie 
Backlund vector fields cannot be found for system (4). 

Let us now perform the Painleve test for the three-velocity model (4). 
Inserting the ansatz u oc uo</>n, voc vo</>rn and woc wo</>q into system (4) yields 
n = m = q = -1 and 

(33) 

Owing to the conservation laws (5) we find that r = 1 (twofold) must be a 
Kowalewaski exponent. The resonances are the same. We obtain 

( 
E(OUO/ot + ou%x) ) (-WO 2vo 

-2EOVO/ot = -Wo 2vo 

E(OWO/ot-ow%x) -Wo 2vo 

-UO) (U
1

) -uo Vi 

-uo Wi 

(34) 

System (4) does not pass the Painleve test since 

ou%t+ou%x =I - 2ov%t, (3 Sa) 

ou%t+ou%x =I ow%t-ow%x, (35b) 

-2ov%t =I ow%t-ow%x. (35c) 

From the requirements 

ou%t+ou%x = -2ov%t, 

ouo/Ot+ou%x = ow%t-ow%x (36) 
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on cf>, the following constraints are found 

(37) 

and 
(38) 

where F[cf>l is given by (15). The requirement -2ov%t = ow%t-ow%x 
follows from the requirement (3 Sa) and (3Sb). A group-theoretical reduction 
of system (4) via 

1 
u(x, t) = - fI (s), 

x 

1 v(x, t) = -f2(S), 
x 

1 
w(x, t) = -f3(S), 

x 
(39) 

(s = t/x : similarity variable) yields a system of ordinary differential equations 
which pass the Painleve test. The system is given by 

p 1 2 
(1-S)1l = fl + -(f2 - fIf3), 

E 

fz = -~(f? - fIf3) 2E ' 

(1 + S)f3 = -f3 + ~(f? - fIf3). 
E 

(40) 

System (40) passes the Painleve test. We can find a Backlund transformation 
for the system. This is given by 

r () A.,4(1+S)A.-l r 
1 s =E", 3+s2 '" + 11, 

f: ( ) A.' 2(1 - S2) A.-I f: 
2 S = -E", 3 +S2 '" + 21, 

f: () A.' 4(1 - S) A.-I f: 
3 S = E", --2-'" + 31, 

3+s 

where cf>, fll, f21 and f31 satisfy the equations 

E(1 - s2)(3 + S2)cf>" - 8EScf>' = -(3 + S2)cf>'[(1 - S)fll + (1 - s2)f21 + (1 + S)f3d, 

(1- S)f~1 = fll + ~(f?1 - fllf3d, 

fh = - 21E (f21 - fllf31), 

(1 +S)f31 = -f31 + ~(f?1 - fllf3d. 
E 

(41) 

(42) 
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A special solution of system (40) can be given for (11 = (21 = (31 = O. Then we 
have 

( 1 +s ) cp(s) = Cl 2 In 1 --s - s + C2 I (43) 

so that 

(44) 

where Cl and C2 are constants of integration. Consequently, when taking into 
account (42), we have found a special solution for the one-space dimensional 
Broadwell model. The space-independent three-velocity model can be solved 
by quadratures as done for the two-velocity models. 

Cornille (1987) studied the one-space dimensional Broadwell model. He 
found three classes of positive exact solutions by determining 'solitons' (one
dimensional shock wave solutions) and 'bisolitons' (two-dimensional, space 
plus time solutions) for the system. 

4. Conclusions 

We have shown that the Carle man model, McKean model and Broadwell 
model do not pass the Painleve test. The 'nonpassing' of the Painleve test 
agrees with the fact that the general solution (Cauchy problem) cannot be 
given. The constraints (see equation 15) which one finds at the resonance 
are the same for all three models. This constraint also appears in various 
nonintegrable relativistic field equations (Steeb and Euler 1988). Furthermore, 
the models studied do not admit Lie Backlund vector fields. We also gave 
the Lie symmetry vector fields and performed group-theoretical reductions. 
The resulting ordinary differential equations pass the Painleve test and can 
be integrated. 
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