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Summary

A direct method of calculating the probability for missing levels in slow
neutron spectroscopy is described. The method gives a criterion for missing levels
based on the Breit—Wigner resonance profile between adjacent levels and does not
depend on correcting an observed distribution of resonance parameters to the
theoretically expected one.

I. INTRODUCTION

In neutron cross section measurements, statistical errors in the accumulated
counts and the finite instrumental resolution impose a practical limit on the ability
to detect weak resonances. In addition, when overlapping between levels occurs,
quite large resonances may remain unresolved. The probability of missing levels
below the detectability limit depends only on the incident neutron energy while the
overlapping probability depends primarily on the ratio of average level width (I">
to average level spacing <D)>. When calculating average parameters such as the
s-wave strength function and the average level spacing, an important correction must
be applied to the raw data for these unresolved levels.

Fuketa and Harvey (1965) have described a method of calculating the propor-
tion of levels lying below the detectability limit, based on the Porter-Thomas dis-
tribution of the reduced neutron widths. The experimental resolution limit is propor-
tional to a power of the neutron energy, and integration of the Porter—-Thomas dis-
tribution up to this limit over the energy range considered yields the relative
probability of missing the weak levels. This method does not take into account the
levels that are missed by overlapping since these may have reduced neutron widths
in excess of the detectability limit.

The Fuketa and Harvey method is not rigorously correct (Wilkins 1967) even
for the calculation of the probability of missing weak levels, since it is assumed that
resonances are randomly distributed on the energy axis instead of obeying a dis-
tribution such as that proposed by Wigner (1957), where small spacings are rare for
levels of the same spin sequence. The effect of the assumption about the random
placement of levels is to overestimate the number of levels missed in the energy
range.
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In fissile nuclei, where the ratio {I"y/{D) is large, overlapping of levels cannot
be ignored and Musgrove (1967) developed a method of calculating the number of
levels missed in these nuclei. The method in effect corrected the observed distribution
of resonance peak heights and, since it was insensitive to the precise experimental
resolution limit, it was expected to contain a contribution from overlapping levels.
A calculation performed on 233U, which has the largest known value of {I")[{D>,
indicated that approximately 30%, of the levels in that nucleus were undetected.

The correction method described here is an improvement over those outlined
above since it no longer depends on correcting an experimental distribution of
parameters, but gives the total probability for missing levels directly. Both classes
of missed resonances are treated identically and weak levels are assumed to be missed
owing to “overlapping”, no matter what the inter-resonance spacing.

II. METHOD OF CORRECTION FOR NONFISSILE NUCLIDES

The Doppler-broadened capture cross section at an energy E Dbetween two
adjacent resonance levels at energies £ and Es is given approximately by the sum
of two Breit—-Wigner terms and a contribution from distant levels:

'l Iy I
ool B) = 4n X (g—llrlz—yl- (a1, 1) + g—z——riz—yzl,’!(xz, tz)) +oqist » (1)
1 2

where I'y, Iy, and I" are respectively the neutron, radiation, and total widths of a
level, A is the neutron wavelength, and g is the appropriate spin weight factor. Also

[eo)

dla,t) = 3t f_w (149" ™ exp{—(z—y)"/48} dy
is the usual Voigt profile with arguments defined by
x = 2E—Ey)|T, t = 4uB.T|I?,

where p is the mass ratio and 7' the temperature of the absorber atom in energy units.

Radiation widths vary little from level to level since radiative decay proceeds
through a large number of independent channels, and it is usual to assume that the
neutron decay widths are negligible in comparison. Under this assumption the total
widths are approximately constant and equal to the radiation width, and equation
(1) can be written as

oc ~ const{y(z, ) +-Ry(z—a, t)}+oaist, (2)

where @ = 2(Hs—E1)/I', R = I'%/T'%; is the ratio of the peak heights, and we have
further assumed for simplicity that g1 = g2 and ¢ = fa. When R = 0, the second
- resonance is missed for all values of @, but, for a particular nonzero value of R, a
limiting separation exists, say ar(R,t), where the two levels are just resolved. We
adopt the criterion that the resonances are just resolved at the first formation of a
“shoulder” between them, i.e. when two points of inflexion first occur in the resonance
profile of equation (2) in the interval 0 <z <a. Using the expression for 6%/02?
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given by Clancy and Keane (1964), the second derivative of the cross section with
respect to x can be written as

d2o/da? = const[1—(14-22428)¢(x) — 2z (x(x) —P())
+R{1—(1+(z—a)2+2t)(x—a) —2(z—a)((z—a)(z—a) —p(x—a))}]

+d2oqist/dx?, ' 3)
where

<)

(@) = Y(mt)* f_w y(1+y") ™ exp{—(z—y)°/4t} dy,

a (R,1)
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Fig. 1.—Limiting separation of two resonances ar(R,?) (in units of half the level width) for
which the levels are just resolved plotted against the peak height ratio R.

and the argument ¢ has been suppressed in (z,t) and ¢(x,¢). If it is now assumed
that ogist is a slowly varying quantity between the resonances and consequently
that d2eqist/da? ~ 0, the positions of the zeros of the d2¢/dz2 can be found numerically.
The limiting separation of the two resonances ar(R,t) for which less than two points
of inflexion occur in 0 < # < a is shown in Figure 1 plotted against R for four values
of t. For small values of B (< 10-2) it is seen that ar(R,t) is proportional to a power
of R, the exact dependence being given by

at(R,0) = 1-213 R—0-257, ar(R,0-1) = 1-546 R—0-257,
(4)
ar(R,1) = 2-266 R—0-257, ar(R,10) = 7-482 R—0-208,

The total probability of failing to resolve the two levels is the product of the probability
for finding a relative peak height R and a level separation less than }Iay(R,t),
integrated over all R. The two distributions are readily obtained for a nonfissile
nucleus that forms two level sequences when bombarded with slow neutrons.
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The frequency function for the peak height ratio R is given simply by the F
distribution with (1,1) degrees of freedom, since reduced neutron widths are dis-
tributed about their mean as y2 variables with one degree of freedom:

R(r)dr = {r/n(14-r)}dr. (5)

This function is plotted against the ratio r = I'ya/I'n1 in Figure 2.
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The spacing distribution law for a level sequence of the same spin and parity
and average level spacing <D) is given to a good approximation by the surmise of
Wigner (1957)

pi()dz = Jrwexp(—}ma?) da, (6)

where x = D[{(D>. Owing to the level repulsion effect, overlapping between levels
of the same spin sequence is negligible and the correction technique of Fuketa and
Harvey (1965) is adequate. However, since the spacing distributions for different
spin states are independent, the probability of overlapping becomes appreciable
when two spin states are superimposed. The probability density of spacings resulting
from the random superposition of two level sequences both having equal average
level spacings (D> and spacing distributions given by equation (6) is given by
(e.g. Mehta 1967)

q1(%) = ymwexp(—}ma?) erfe(dnt 2) +-exp(na?), o
where z = D[{D); and finally the distribution function for such a sequence is
Py < z) = 1—exp(—}na?) erfe(3ntz), (8)

where

o0

erfez = 27 ¢ f exp(—tz) ds.

z
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The frequency and distribution functions for the spacings of two superimposed
level sequences given by equations (7) and (8) are shown in Figure 3.
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The total probability for failing to resolve the two levels can now be written as

P;(overlap) = J:o R(r) P(x < xL(r)) dr, 9

where z1(r) = I'ay(r)/2<{D). The integration is performed numerically and Figure 4

Fig. 4.—Probability of two
levels overlapping Pj(overlap)
in nonfissile nuclei versus

10 the ratio I'/<D).
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shows the overlapping probability versus the ratio I'/<D) for four values of t. There
are further small corrections to be applied to the missing probability of equation (9)
from multiple overlapping of levels. The contribution from levels overlapping three
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at a time can be calculated as for the two-level case, but since this will be found
to be small no higher order corrections will be attempted.
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Fig. 5.—Limiting separations of three adjacent levels ar(R1, R2,?) and br(R1, Rs,t)—
ar(R1, R, t) shown for ¢t = 0, various values of Ry, and (a) BRa = 1, (b) Rz = 0-1, and
(¢) Rz = 0-01.

III. CorrECTION FOR TRIPLE OVERLAPPING OF LEVELS

The capture cross section corresponding to equation (2) for three adjacent
levels can be written as

e const{z,b(a:, t) +R1p(x—a,t) +Rap(x—b, t)} +odist » (10)
where
R1=F(,’12/Fgl, RZ:ng/ng
a = 2(B— )T, b=2Hs—Ey)|T, 0<a<h.

The second derivative of the cross section corresponding to equation (3) is readily
found and again the limiting values of @ and b for which less than two points of
inflexion occur in 0 <z < b are found numerically. Figure 5 shows the limiting
values ay(R1, R2) and br(R1, Re) for several values of R; and Ry and ¢t = 0. Because
of the symmetry between the configurations (1, R, Rs) and (1, R;i/Rs,1/R3) only
values of Rs <1 need be considered. The overlapping probability in this case is a
double integral over R; and Ry and some simplification of the limiting level separations
is desirable for computation. Comparison with the limiting values of a in Figure 1
for the two-level problem allows the following approximations to be made to the
limiting three-level separations:

Ri>=1,R <1 ar(R1, Re) ~ar(R1), bL(Ri1, Rs) ~ay(R1)+an(R1/Rz), (11)
R; <1,Ry <1,R1 > R2 ap(R1, Re) ~ar(R1), bu(R1, Re) ~ay(Rs), (12)
Ry <1,R2 <1,Rs > R; ar(R1, Rs) ~ar(Rs), bu(Ri1,Rs2) ~ay(Rs), (13)

where the argument ¢ has been suppressed. Owing to symmetry, the three regions
of R1,Rs above are sufficient to include all possible configurations of three levels.
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To proceed further, we require the probability that if a resonance occurs at £, which
is taken to be the origin, then the second level occurs within an interval z1 < a
and the next level occurs within an interval z2 << b. The two level sequences are
assumed to have equal average level spacings, and without loss of generality the
resonance at E is assumed to belong to the first sequence. The probability that the
third resonance occurs in z,z-dx, conditional upon the second having occurred at
21 = k, can be written as (Wilkins and Musgrove, to be published)

-} 0 -1
P(xm=k)dx=h1</c){p1<x—k) f exp(—}my) dy( fk exp(—}my’) dy)

o] [o2]

-1
exp(—my) dy) f p1(y—Fk) dy} dx

z

+exp(—}ma’) ( f

k

[e]

0 -1
+h2(k){p1(x—k) L p1(y) dy(f p1(y) dy)

k

0 -1 ©
+p1(x)(f p1(y) dy) f pi(y—k) dy}dx, (14)

k z

where pi(x) is the Wigner distribution in equation (6) and A;(k) is the probability
that the resonance at k is of the ith sequence and

h(k) = }mk exp(—}mk?) erfo(dmt k)/qu(k) ,
(15)
ho(k) = exp(—4mk?)/q1(k),

with q1(k) given by equation (7). The probability that the third resonance occurs
anywhere in the interval k£ <{ @2 <{ b can then be written as

b
Pxe <b|lay = k) = J;c Px|z1 = k) dz

2
= %ﬂk%ﬁ%—)ﬂf—l(eﬁc(%ﬂ* k) —exp(—ifr(b—lc)z) erfo(3nt b))

3
+ El’g‘h(,;—‘)")(exm—%wkz) —eXP(—%ﬂ(b—%k)z)) , (16)
and the required distribution is
k
Pxe < b1 < a) = J;) q(k) P(xa < b |2y = k) dE, (17)

where @ <b. Figure 6 shows the slightly different distribution function
P(zz < (b—a),x1 < @) versus x; and @, where in this case 3 is the spacing between
the second and third levels. The integration of equation (17) was performed
numerically.
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Since R; and R; are dependent variables, the probability element in their joint
distribution is required. The distribution of reduced neutron widths about their
mean is given by

P(x) = (2nz) texp(—3a),

and putting x; = I'%,/<I"%, i = 1,2,3, the joint element for 21,3, and 3 can be
written as

3
Pa, zz, 2g) day dapdwg = II (2ma) ™ excp(—ar) dy (18)
0-99
P(xy,x) . c . . .
0406 0-8 Fig. 6.—Distribution function
Loz P(xe < (b—a), 1 < a)
shown for first resonance
s spacing x; and second reson-
x ance spacing s for a super-
position of two simple sequences
r having equal average level
spacings.
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The required element is obtained by substituting r; = xa/x; and rgs = x3/x; in
equation (18) and integrating over xz; to obtain

R(r1,r9) dr1dry = {2a(r17e)} (144r14r2)3/2}1. (19)

The probability of failing to resolve the three levels is therefore

[e¢] [eo]
Py(overlap) = fo dry J; R(r1,72) Plwa < war(r1,72), 21 < 211(r1,72)) dra, (20)

where
211, = lay(ry, r2)/2{D) and xor, = I'by(r1,72)/2<D) .

When the appropriate values for ay, and by, are inserted from equations (11), (12),
and (13) the integration can be carried out, and Figure 7 shows the probability for
triple overlapping versus I'/{D) for four values of {£. For most nuclei the correction
can be ignored for small energies; however, in 233U for which (I")/{D)> ~0-2 the
correction amounts to approximately 29%,.

IV. METHOD OF CORRECTION FOR FISSILE NUCLIDES

In fissile nuclides the caleulation of the correction for missed levels is complicated
by the fact that the fission widths, and hence the total widths, fluctuate from level
to level and the peak height ratio of two resonances is no longer given by the ratio
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of two reduced neutron widths. The fission cross section between two adjacent
levels is given in the single-level Breit—-Wigner approximation by

Iy T Iy I
or(H) = 4n X’ ("1—1,—§i Wz, t) + 5—’3;—2341@—% t)) +oast (21)
1 2

where I} is the fission width of the level and all other symbols have been defined
previously. Multilevel effects have been ignored in equation (21) since, owing to
the level repulsion effect, overlapping is much more probable for levels of opposite
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Fig. 7.—Probability of three levels overlapping Pg(overlap) versus the ratio I'/<D)
for four values of ¢.

spin than for levels of the same spin and parity. In any case, it is expected that the
limiting separation at which two levels with peak height ratio R are just resolved
will, at least on average, be given by the ar(R) found in the nonfissile case. In analogy
with equation (2), the fission cross section can be written as

ot ~ const{y(z,t) +RSp(z—a,t)}+-oasst, (22)
where
R=T%T%  and 8= (I'w/T3 = (In/T?.

The fission process proceeds through a small number of open channels and the
distribution of fission widths about their mean is usually represented by a chi-squared
distribution with n degrees of freedom, where » usually lies between 2 and 4:

P(z) = (nin[{2in I(4n)}) exp(—$n2) 2in-1, (23)

with 2z = I't/(Ity. It should be noted that it is purely a matter of convenience to
represent this distribution by a member of the y2 family since the fission process
typically proceeds through a different number of channels from each spin state and
the average fission widths for each spin state are usually different.
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To obtain the probability element for the variate It/I2, the substitution
y = z/(2-+c)? is made in equation (23). Thus

¢ =I,/KI'y is constant, z = {1—2cy+(1—4cy)t}/2y,

and
" /) : .
P(y)dy = T gl —dog) 0 <y <1/4c, (24)
where
f(@) = exp(—inl1) {{" +exp(—inle) 3",
with

{1 = {1—2cy+(1—4cy)}} /2y and L2 = {1—2cy—(1—4cy)t}2y.

The element in the joint distribution of the two independent variables It;/I'2 and
I'yp|T% is clearly

n
2"(F(4n))* ry{(1— o) (1—dey)}

where © = I'/I"? and y = I'ts/I'2. The probability density function for the ratio

x[y is obtained by substituting v = z/y and v = y in equation (25) and integrating

over v. Thus

P(u)du =

n 1/4c
n f f(w)f(v) dvdu, w<1, (26a)

2MI(3n))? Jo  uv{(1—4cv)(1 —dcun)}

o f ver  fw)f)
- 2™(I'(in))? wv{(1—4cv)(1—4cuv)}t

vdu, u>1. (26b)

Putting v = sin260/4c¢ in equation (26a) and v = sin20/4cu in (26b) we obtain

. 2
P(u)du — k J‘a f(sin®6/4c) f (u sin®0/4c) d8du

3 u<<l, (27a)
0 sin 0 (1 —u sin®9)*
i 2
f f(sin 0/4c)f(usm 0/4c) dfdu, w>1, (27b)
sin 0 (u 0)

where .
K = nn20-1(T({n))2.
The joint probability element in the distribution of § = (I'n/I'}) = (I'tz/I'Z) and
R = I I'}, is now
P(r,u)dudr = {r-#P(u)/n(l+r)}dudr,
and the element for the product ur is obtained by substituting © = ur and y = u
and integrating over y. Thus

1 -3 —%
(z/y) " P(y) (z[y) * P(y)
=K Ty ¢TE f Traty) Y %)
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and ultimately the required probability element in the distribution of xz = RS
becomes

K (' ( 1 1 ) f*" f (sin®6/4c) f (y sin®0/4c)
Qe dor = 7TJ;) (xy)* x+y+xy+l dy 0  sinf(1—ysin®f)? dbdz, (29)

Fig. 8.—Probability density function
Q(x) in equation (29) versus

x = (Ify I't2/T'§) + (I'gy Te1/T%)
forc = 0-1and n = 3.

Fig. 9.—Probability of two-level
overlap versus the ratio I'/<{D) for
t = 0 in (A) nonfissile nuclides,
and (B) fissile nuclides.
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upon manipulating the second integral in equation (28). Figure 8 gives Q(x) versus
z for ¢ = 0-1 and an assumed value of n» = 3 for the number of degrees of freedom
in the fission width distribution. The total probability for missing either of two
adjacent levels in fissile nuclei can now be obtained by replacing the B distribution
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by @ in equation (9):

Py(overlap) = J;) N Q(r) P(x < ar(r)) dr. (30)

The overlapping probability is shown in Figure 9 against I'/<D) for { = 0 and is
compared with that found for the nonfissile nuclides. The overlapping probability
for fissile nuclei is at most 59, greater than that for nonfissile nuclei and for most
purposes can be ignored. Because of this we do not attempt to calculate the three-
level overlapping probability for fissile nuclides but will be content to approximate
it by the correction already calculated in the nonfissile case. We now give a calculation
of the probability for missing levels in 233U and compare it with an earlier result of
Musgrove (1967).

T (o) L (b)

Frequency

T

| 1 11
0 02 04 06 08 10 12 14 16 18 20 >20 0 0204060810 1-2 114 1-6 1-8 220 >2:0

D/<D> o

Fig. 10.—Histograms for 233U of (a) first 30 level spacings compared with the expectation values
(dashed lines) from equation (7) and (b) 31 values of I'9/<I}> compared with the expectation
values.

V. CALCULATION OF PrROBABLE NUMBER OF MIsSED LEVELS IN 233U

There is a considerable body of indirect experimental evidence for the existence
of undetected resonances in 233U. Small inter-resonance spacings are observed much
less frequently than is expected when two independent level sequences are super-
imposed. This is seen in Figure 10(a) where a histogram of the first 30 level spacings
(normalized to unit mean) is shown and compared with the expectation values of
equation (7)."

In the experimental distribution of reduced neutron widths, once again, small
values are lacking as is seen in the histogram plotted in Figure 10(b) with expectation
values. In fact, Nifenecker (1964) found that this distribution is fitted quite well by
a y? distribution with four degrees of freedom instead of the expected one degree of
freedom. Since there is no reason to believe that 233U has other than a single neutron
decay channel, or that the distributions of resonances of different spin states are not
independent in that nucleus, it appears that unresolved levels may cause the
discrepancies.



MISSING LEVELS IN NEUTRON SPECTROSCOPY 791

In order to calculate the probable number of levels missed for 233U, care must
be taken to select an ‘“unbiased” sample of observed levels. Our criterion for failing
to resolve two levels with peak height ratio R is that the levels are separated by less
than ar,(R)(I")/2¢D>. In fissile nuclei where I" fluctuates considerably from level to
level it is possible for two levels to be resolved experimentally with separations less
than the limit (e.g. when §(I'1+1"2) << <I™)). In 233U, the levels reported by Nifenecker
(1964) at 7-65, 16-82, 18-75, and 26-50 eV fall into this category and are therefore
omitted from the “observed’ resonances for this calculation.

Suppose that Ny levels are detected experimentally in an energy range
E1 < E < E,, where By and E, are the energies of the first and last levels in the
sequence, and further suppose that » levels with average total width <I")’ are missed
in this range. The actual average level spacing per spin state (D) and the actual
average total width <I") may be written as

(DY = 2(Bp—Ey)(No+v—1)"1, Iy = (iz; Iy +v<P>’)(No+v)‘1, (31)

where I is the total width of the ith level and we have assumed equal average level
spacings in each spin state. For this calculation it will be assumed that the missed
levels have the same average total width as the observed levels. The expected
number of levels missed in 233U can now be obtained by iteration. Thus

v = (No-»m-D){ P1(ym=) 4 Py(ym-1)}, (32)

where m is the order of the iteration, y is the ratio <I"y/<D), and P; and P, are
respectively the probabilities for two- and three-level overlap given in equations (9)
and (20). The parameters used in the present calculation were taken from Nifenecker
(1964), where 31 levels are reported with average total width 0-38 eV between energies
1-799 and 29-51 eV. Since four of these levels are ‘“‘unresolved” by our criterion,
we solve equation (32) for v using Ny = 27. The probable number of levels missed
in the range was found to be 16-8 after 12 iterations. The positions of 4 of these
are known already, but the remaining 13 levels are undetected. This value agrees
very well with the earlier result of Musgrove (1967) where 114-2 was the expected
number of levels missed for the Nifenecker data in a slightly smaller energy range.
The corrected average level spacing of 233U for the present calculation is 0-64 eV
compared with the earlier corrected value of 0-65 eV.

VI. CoNCLUSIONS

In the direct method of calculating the probability for missing levels in slow
neutron spectroscopy as described above, the probability depends only on the
observed ratio (I">/(D), unlike earlier methods which require the (unknown) average
reduced neutron width of the missed levels as a parameter. The present method
treats overlapping levels and weak levels identically and it has been shown that for
practical purposes only two-level overlapping contributes to the total probability
for missing levels. For nonfissile nuclides the correction is small (< 109,) at low
energies but a calculation of the number of missed levels in 233U indicates that
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approximately 309, of the levels in that nucleus are undetected. This value agrees
quite well with that reported by Musgrove (1967).
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