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Summary

A complete classification of the state of two-electron atoms is given in terms
of a set of symmetrized Euler-angle functions, and the matrix of the kinetic energy
derived for this choice of states. For a state of given L, =, Py the non-relativistic
Schrédinger equation reduces to a finite set of coupled equations in the internal
coordinates 7, 75, 71,3 these equations are given for arbitrary L, =, Ps. The results
apply to atomic two-electron systems with nuclei of finite mass, and more generally
to any non-relativistic three-body system in which two of the particles have equal
mass.

I. INTRODUCTION

Recently (Kalotas and Delves 1964) a complete classification of the states of
the three-nucleon system in terms of a set of symmetrized spin-isospin Euler-angle
functions Y; has been given. Such a classification has the advantage that for a
state of given total angular momentum J, parity =, and neutron excess 7',, the
wave function ¢ has the form

pinTe = 3 firses T 1) Vi -

The sum in (1) is finite and so the non-relativistic Schrodinger equation for i in the
centre-of-mass system, reduces from a six-dimensional to a finite set of three-
dimensional coupled equations, with consequent overwhelming saving in labour.

A similar classification is possible for the two-electron system, which in
general aspects is simpler. The non-relativistic Hamiltonian for two electrons in
the Coulomb field of a nucleus is spin independent; hence we need not consider
the electron spins. We give then a complete symmetric classification of the Euler-
angle states of the two electrons, together with the resulting set of differential
equations for the internal functions f; of equation (1).

There is no unique choice of Euler-angle functions; however, it is desirable
that any choice made should take note of the exact constants of motion for the
problem. These constants of motion include :

(i) the orbital angular momentum L and projection m,

(ii) the parity =,

(iii) the symmetry P of the space state under permutation of the two electrons.
Here a symmetric space function is associated with a singlet (para) spin
function and an antisymmetric space function with a triplet (ortho)
spin function. :
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The standard classification of two-electron states is due to Breit (1930), who
wrote an expression of the form (1) for P-states. However, his choice of Euler angles
was quite unsymmetrical, making the construction of eigenfunctions with the correct
symmetry very difficult. With our choice of Euler angles each term in (1) will have
the appropriate symmetry and we shall therefore be able to deal with the state of
general (L, m, P). Recently, Bhatia and Temkin (1964) have made an analysis
similar to ours but assumed the nucleus to be fixed. Although their method of
construction of the Euler-angle functions is different, the actual Euler angles they
use are only trivially different and our results reduce to theirs in the limit of infinite
nuclear mass.

In the following section we define our choice of Euler angles and construct a
set of angular eigenfunctions Y,; of L? and L, with appropriate behaviour under
the operations of time reversal, parity, and particle permutation. In Section III
we give the kinetic energy operator in terms of the triangle Euler-angle coordinates
and calculate the internal kinetic energy matrix.

II. Tae CHOICE OF BoDY AXES AND THE SYMMETRIZED EULER-ANGLE FuNOTIONS

The configuration of two-electron atoms in the centre-of-mass system, is
determined by the six coordinates in r;, r, representing the electron positions relative
to the nucleus, or alternatively by the triangle Euler-angle coordinates r;, r,, 7*12,
a, B, v. These coordinates are defined by

ry = |14, Ty = |1y, T1g = |T1—Ty|,

while we define the Euler angles a, B, y as in Derrick and Blatt (1958); that is,
a set of body vectors b;, b, giving the positions of the electrons relative to body
axes, are related to the vectors r,, r, in the space frame by

where A, B, C are elementary rotation matrices given by

cosa sina . 1
A(a) = | —sine cosa .|, BB)=]. cosB sinp
1 . —sinB cosp
Cly) = A().

The criteria for a useful set of body axes are:

(a) simple behaviour of the angular functions Y, of (1) under operations of
parity and electron exchange,

(b) simple form for the kinetic energy.
We shall choose the body axes in the following way.
(i) The two electrons lie in the body z—y plane with the nucleus at the origin.

(ii) The positive body z-axis bisects the smaller angle 6, subtended at the
nucleus by the two electrons.
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(iii) Particle numbering is such that a rotation from 1 to 2 is clockwise when
looking along the positive body z-axis.
A typical triangle body axis configuration is shown in Figure 1.

The above specification of coordinates is unique except when the nucleus and
the two electrons lie in a straight line, in which case the body axes and hence the
Euler angles remain undefined. The singular region of phase space requires special
care in calculations involving the above coordinates. As in the three-nucleon case,
this imposes restrictions on the form of the internal functions f; in this region; these
restrictions will be considered in later work.

body-y
2
T, 6,
Nucleus e
N\af_16i
— body-x
2012
n 6,
1

Fig. 1.—A typical configuration showing the position of the body axes.

We now proceed, as in Kalotas and Delves (1964) to construct a set of sym-
metrized Euler-angle functions of given angular momentum L and z component m ;.
Explicitly we define the function

YL (Pp|pl(m) = il#tPe (2L 4-1)}dmle, o X[DE) my(0,8,9) +(—1) 5 D_L, 1, (a,8,7)]-

()
Here the DL(a,B,y) are the representation coefficients of the three-dimensional
rotation group appearing in Kalotas and Delves (1964). Further

P, =0, if Pp = symmetric (s),
=1, if Pp = antisymmetric (a),
€uy = 1[4/(20m).
w is a superfluous index denoting the parity and is -+ (—) if p is even (odd). Thus of

the 2L-+1 functions Y; of fixed L and m;, L+1 (or L) are of even parity if L is
even (or odd) and the remainder have odd parity.
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The various functions Y, are orthonormal, that is,

fd(Elﬂel‘) YL* P IH’I )Y'mL PE’]IU' I ) — 8L r 8mL my’ 8|u.| |u|8PE Py’
and satisfy the time reversal reality condition
UYE,(Pp|ul(m) = (=1)me Y5 (P, ] (7). ®3)

The functions are either symmetric or antisymmetric under interchange of the two
electrons (the mixed representation is irrelevant to our case)

PE’l,"l ) = ( l)PEYmL PE}I/"l

Hence any wave function of orbital angular momentum L, z component m ;, parity =,
and permutation symmetry P, may be written in the form

i, (P, ) = p:ZTM S ii(Pro |l (m) Y5 (P | ] (7). (4)

In the sum (4) the number p is restricted to even (odd) values according as =« is
+ (—). The symmetry P, of the internal functions must be chosen so that

Ppx Py =Py

Hence the internal functions have the same (or opposite) symmetry as the corres-
ponding Euler-angle functions for para (or ortho) states. Equation (4) constitutes
our symmetric decomposition of the two-electron wave function.

In the work of Bhatia and Temkin (1964), the body axes are defined in a different
way to ours but their Euler angles 6, ¢, 4 are nevertheless closely related to our
a, B, y through

a = p—3m; B=0; v =¢.

This leads to symmetrized angle functions that are very similar to our Y.

ITI. Tae Kineric ENERGY

For the situation corresponding to two electrons each of mass m and a nucleus
of mass M, the kinetic energy operator in the centre-of-mass system may be written

T = —(h20) (Vi+V3) — (1 M)V, V. (5)
Here u is the reduced electron mass mM/(m-M), while for k£ = 1,2
V. = 0/or,,

We give here the form of the kinetic energy in triangle Euler-angle coordinates.
In the fixed nucleus approximation M — oo and

T — —(#*/2m)(Vi+ V).

For energy calculations of the helium isoelectronic series it is reasonable to consider
the mass polarization operator —(#2/M)V,.V, as a perturbation term. We shall
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treat this term exactly but for convenience deal separately with the two operators
| Ty = (Vi+V3),
Ty, =V;. Vs

As the transformations are lengthy, we give only the final results. For convenience
we give also the matrix elements of these operators defined by

Q= f d(Euler) Y} QY,, (6)
where £ is any operator in genefal. The essential results are given below.

(a) The Transformed Operators T, Ty,

(i) We find that the operator T, takes the following form in triangle Euler-
angle coordinates
Ty = TA-+T3+T34-T4,

where
0? 0? 20 20 40
& 8r2+672+26 %o +2 cos 618 L 07y +2 c0s 026 20T | 1107y | 1507y | 71y 0Fyy 0
(r}—73) sin 0,,( 0 LE
2 Z
& 7175 12 (87'12 —if)’ (8)
p_ RPcostlon, (B \: Resintje,( LB\ R (L3
o= "qar \Tiw) e \Ti) Taenl\ T
3= L3 \( L5 Ly \ (L&)
Toma |\ )\ =) T\ SE) ) ) ®)
(r}—r2)cos 6,,( LE
[ — 27 B,
o =g rnn \—ii) (10)

The components of the angular momentum operator L? appearing in the above
expressions, are discussed in the Appendix. We have also used the notation

B2 =134,
A = triangle area = 1, r,sinf,,,
while 0; and 6, are angles defined through Figure 1. 7% is a pure S-state operator,

while T3, T, and T contain angular derivatives and so give zero when applied to
S-state functions.

(ii) Similarly we find that 7', takes the form

T12 = T%z ‘Jf‘T%z ‘l‘T:fz’
where
2 0 02 02 0? 02
T, — _ — G
12 cos 0 =——— 5 I —cos 0, oo -+ cos 0, 3oy (11)

2
1201y 013,

. A {1 9 129 (r%—r%)i}(Lf) 12)

-7 _ 2 )
7'1 rolry Ory 1y ory Ty TyT1p Oryp) \ —ifh
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s, ©08 o LE\®  mrmaf( L} 2+ LE\?| ryrycos by
2 = \5s) T 1eA\Tis) T\ =ik 16A2

S B E)

T}, is here the S-state part of T',.

(b) The Matrixz Elements of Ty and Ty,

As noted above, the orthogonality of the Euler-angle functions allows us to
integrate out the Euler-angle dependence. We give here the reduced matrices of
the operators Ty and T, as defined by equation (6).

(i) We let 4, j stand for the groups of indices L, m, |u|, Py and L, m, |u'|, Py
respectively and calculate the matrix elements T7§;; for w =1, 2, 3, 4. Since L?
and L, commute with the kinetic energy, L and m, are taken the same in ¢ and j.
Thus we get

—_ W
Oza - Z Tow’

with
Thi5 = 3111 Opg.ps Tt (14)
2 o [(1yps] i =rRsinds, 9
TO” - 8|y,|»|p.'l SPE-PE{ l I 7179710 37'12 (15)
R{ulP—LL+1)} B
Tgii = Sluuu'la}’g,l’g’{ I ‘ ]A2 - 47.%7%
R2cos @
+8|u| lu |+28PE PE'{Elul 2 Vi(— II"| 16A2 12:
R2cos 6
+8|ul 7% 1—2 Pg.Pg’ : L(‘H‘I 16A2 12}
R2cos 6
+8|p.| 2— |,/I8PE PE{ €..0 €lul, 2 L+I”l+PEN (—IMI) 16A212}
+o|p,| \u'|+2 Pg» PE {elul 2 ENL( llul)8’r r A}
RRITRNIECLI ,,E/{ PeN (1D g 72A=
LHul _”%
FB1u1 0t S| S0 €lul.a (D EH N (=) gk s (16)
H (r3—72)cos 8
Tgif = 8|u|,|u'|8PEjE'!(__1)PE |‘u,| . 41.27,2A = (17)

We have used the shorthand

N(p) = [(L—p)(L+p+1)(L—p—1)(L+p+2)]
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Also
P, = adjoint symmetry of P, = a, if Pp=s,
=s, if Pp=a.

(ii) With 4, j as in (a) above, we write the matrix elements 7% ,;; for w =1,
2, 3 as

T1a i = 81,1101 Opp.pgr Tas (18)

19 10 22— @
T%Z = Slyl.ly'l SPE';E{ ]_)PE |l"| ——( ————— —I"‘ 2 1 —) ;, (19)

1y7g\1y Oy  To 0Py 71175719 OTqs

cos 6.

12+{L LAY —|p

74 15 COS 6
T?zw 8Iul | ISPE Py’ :'I"|2 ! 2 12}

+8’u|»|u'1+2 SPE,PE’{NL(—,/'LD Elu|,2( {6222) }

T
+8|u1,|u’|—2 SPE’PE'{NL”MI) e“’o(_ léAzz)}

3 —7ry T )
Bt B (D F Nl o Tok0) |20

IV. TeE CouPLED EQUATIONS FOR THE INTERNAL FUNCTIONS

The non-relativistic Hamiltonian for two-electron atoms has the form

—w, W, (1 Z Z
=500 grare(z -2 -3, (21)

where Z is the nuclear charge parameter and —e the electron charge. We decompose
the wave function in the form (4) above and write

t =1L, my, 'l"l, P,

j=0L,mg |u|, Pg.
Then for any operator 2 we may write

Q‘ﬁ = 'Q(?fiyi)

= Z % Qifi¥s
where £2;; is the reduced matrix of the opera,tor £ as defined by (6). In Y], 7 runs
B
over a set of variables V, determined by specified L, m;, P, and «. Setting

PRI T
Q=T=—g T3

2[“' T12

leads to £,; = 0, unless j is in the set V and, further, j exhausts V for all non-zero
£;;. We may thus write the Schrodinger equation in reduced form as

I L e e LI
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and hence for all ¢ in V

2 2

Y B N e R R
Equation (23) constitutes a set of coupled equations for the internal functions f,.
For later convenience we also give here explicitly the form that these coupled
equations take on carrying out the implied matrix multiplication, in the limit of
infinite nuclear mass (that is, keeping the operator 7', only). A typical member of
the coupled set has the form

[T5+{R2{|IL|2 gAIZ-/(L—H)}_i:‘IIZI:I;} Q?ez(Z_i_g_%)_l_szzE] L Py )
e () fente sl 2 3,
ey a Moty 20080 (s
S i R e
+ :(—1)L+|u|+z‘>E €40 €lul 2 NL(—]MI)%] g (Prs 2—[u])
+:( DPe e o N |"|)8r . A] % (Prs 1] —2)
1P 0 Nl A] P 11142
0 0 0 Wt g |, B2l = 0 24

On interpreting this equation, the following points should be noted.
(i) We have used the convention

,ﬁL(PR,K)zo, if k <0orxk>L.

(ii) Apparently eight functions are coupled into a single general equation (24)
but this is reduced to six when it is noted that if |u| 7 2 one of |u|—
or 2—|u| is negative and hence the corresponding two functions are
identically zero by (i). '

(iii) The set of equations is explicitly real and hence the set of functions f;
may be chosen to be real. This is a consequence of the choice of phase
for the Y, satisfying the time reversal reality condition (3).
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APPENDIX

Angular Momentum Operators referred to Body Axes

Let da, dB, dy be infinitesimal increments in the Euler angles a, 8, y and use
the vector notation to write

_da_ _%_
0 0

da=1|dg|; 3= %
0

|3 kX

It follows readily (Goldstein 1959) that the resulting infinitesimal rotation referred
to body axes is given by

de? = S da,
where S is the matrix
cosa sinasinf (A1)
S§=|. -—sina cosasinf|. -
1 . cosf

Let L be the orbital angular momentum for the two electrons (in the space system)
and refer it to body axes by

%z . L
LE= ]y, . L|,
Zp - L

where X, ¥;, 2, are body axis unit vectors. Then it follows, after some elementary
analysis that,

L? = —if(S-) (A 2)

r9
oa’
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We define the useful operators L, L2, L2 by

IE = IB,
L = IEFilf, (A 3)

and these operators give the following results when acting on the representation

coefficients Df ,, (a, B, )
LEDL, =*#uDE, ,
0~ u,mp Kymy, } (A 4)
LiD;Ii,mL = ﬁ[(L$/‘)(LiV’+1)]§ Dﬁ:{:l.m,;





