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Summary

Using many-particle perturbation theory an attempt has been made to improve
the author’s previous calculation of the thermal expansion of sodium chloride and to
assess the effect of including anharmonic terms in the crystal potential. The results
are disappointing ; agreement with experiment is poor except at low and moderate
temperatures. One reason for this is the poor convergence of a method based on the
series expansion of the crystal potential in terms of particle displacements, a point
further illustrated by calculations of specific heat and compressibility.

I. INTRODUCTION

A previous calculation of the thermal expansion of sodium chloride by the
author (Fletcher 1959 ; hereafter referred to as I) exhibited a large discrepancy
between theory and experiment. The most likely reason for this appeared to be
neglect of the anharmonicity of the interionic forces and in the present work a
calculation has been made in which the lowest order anharmonic terms in the
potential energy of the crystal have been included. In developing an expression
for their contribution to the free energy of the crystal a development of many-
particle perturbation theory by van Hove (1959 ; hereafter referred to as vH),
designed to avoid spurious divergencies, has been used. In Section II a brief
review is given of the notation used in I with certain changes made, bringing it
more into conformity with that of vH. In Section III parts of vH which are
essential for the present work are briefly summarized and in Section IV the
specific formula used for the quartic contribution to the free energy in this work
is derived. Practical details of the calculation of the thermal expansion, specific
heat at constant volume, and isothermal compressibility of sodium chloride are
given in Section V and a discussion of the results in Section VI.

II. ReviEw oF THE HARMONIC PROBLEM
As in I, consider a crystal, in which unit cell of volume v, is determined by
lattice vectors a,;, a,, a; and contains s particles, whose positions in the cell

are given by the basis vectors r, (x=1, 2, . . ., s). Let the xth particle of mass
my in cell 1=(ly, 1,, 13) (I, integral or zero), whose equilibrium position is
f=al +iv=la;+la,+lya,+1,, )

suffer a displacement uj to the position rL. Assuming central forces between
pairs of particles, depending only on their distances apart, the total potential
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energy @ of the crystal may be expanded in powers of the Cartesian components
Uhe (=, y, 2) of the ul, i.e. ® =P P &’  where @, ®® are as given by
®,, P,in I and ®'= > ), where

v=3
B= T I T Ot - U @)

L, o v ulymg e o anyag. .oy
The Hamiltonian of the system is then H=H +®’, where
H®O=®O 1% m,| ul [24D@ (3)
%, 1

will be termed the harmonic Hamiltonian. In general the expectation value of
& can be shown to be of order «(u/d)>—2 per unit volume, where o is a typical
particle vibration frequency, # an average particle displacement for a given
temperature T, and d the separation of the mean positions of two neighbouring
particles. Thus this series expansion of & and the subsequent treatment of &’
as a perturbation to the harmonic problem will only be valid when #<d, i.e.
for T reasonably small compared with the melting point T, of the crystal.

If @’ is neglected, normal solutions

= (ctgj —ita;) Viaj €XP i T (4)
of the Lagrangian equations of motion may be found as in I. As compared
with I, k has been replaced by q/2n and U,(k,<)exp [—in(k, i)l]] by
(otqj —iotgj) Viqjy oqj and og; being real ; the notation w(k,¢) will be changed to
©qj- Viq; corresponds to ef) —ifyy of vH so that V, _g;j="V,q; while
X_qj=0lgj; X_qj= —0Ogj; %—qj=0j; &_gj="0daqj (5)
a dot denoting differentiation with respect to time ¢. It is assumed that
= —qjoa;; day= — g% (6)
The usual cyclic boundary conditions restrict q to the vectors q=g,b, +¢,b,+q;b,,
where a;-b;=3,;, ¢;=2=h,/L, (h;=0,1,. . ., L—1), and L3=N is the number of
cells in the lattice. A translation vector of the reciprocal lattice will be denoted
by T=1,b;+71,by+715bs (r; integral or zero) and «, o', &, and & are unaltered
in changing q to q-+2m~.
There are 3s solutions of the form (4) for each vector q, denoted by the
suffix j (j=1,2,. . . 3s). The V,q; with weighting factors m{ are orthogonal
to one another for the same q and different j and may be assumed normalized

to unity in the sense that
;Z.mequ . quj' = 8jj'. ( 7 )

A general solution of the harmonic problem may then be taken as a linear com-
bination of solutions (4). For the quantum mechanical treatment of the problem
the normal coordinates «, ' and their conjugate momenta &, &' must be replaced
by operators. The most convenient ones are combinations of the form

Agj=3(V[873%)} wj(otq) —icty;) Hiegs (b —iday)], (8)
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and Agj, where V=Nv, (=Q of vH). These obey the commutation relations
[ Aqy] =3;Ma—a"); [Aay Aqs]=[4g), 4g7]=0, 9)

where A(q)=(V/873)dq, 2r:. The general solution of the harmonic problem then
takes the form
W =(4nN V) S g (Agj+ALq)) Vigj expiq-th, (10)
)
and the harmonic Hamiltonian the form
H®=®O 1 3 [(873/V)AqjAq;+}Hiwrg; (11)
qj
Now the eigenfunctions of this must be products of simple harmonic wave
functions with eigenvalues
B =®0 + X (mg; + o (12)
qa
{mq; positive integers or zero); they will be described by the numbers mq; of
quanta of energy 7iwg; (or simply phonons (q, j)) that their eigenvalues contain
and denoted by | Y@y or more specifically by | 411y Asfay - - -»- This is con-
sistent with Ag;, A;j being annihilation and creation operators, i.e. with
Aqj | W) =mai(V [87%) | ¥, (13)

where the state | Y@ contains mq; phonons (q,§) and | 3y contains Mg; —1,
while Ag;| ¥P>=(V/8n3%) | ¥¥). The ground (or vacuum) state eigenfunction
| 0> of H®® involves no phonons (all mq; zero) and will be assumed normalized
to unity, i.e. (0| 0>=1. Any other eigenfunction can be regarded as generated
from this by creation operators, its normalization being so chosen that, in fact,

| qul? q2j27 M ] qmjm>:A;1j1A;2je ot A;m]m I 0>' (14)
It is convenient to put H®?=PO® e | H, where ¢, =44 wq; and
qj
Hy=(8n%|V) E wqjAqjdqj and to note that
qj
exp (—BHO)l qul st qmjm>:exp [—.Bh(m’hf: +' e +°)qm,7m)]| qul st qm]m)-
(15)

III. FREE ENERGY OF THE CRYSTAL
The free energy F of the crystal, which forms the basis for the calculations
made, is derived as usual from the partition function Z=2% exp (—BE,), where

133
8=1/kT and E, is the energy of the crystal in state | ¥,), summation being over
all possible states. This may be written

Z=5(¥, | e=P1 | ¥,)=Sp {e~01}, (16)
w

i.e. as the spur of the operator e—## in the representation of the eigenfunctions
| ¥y> of H. Since, however, the spur of a matrix is unaltered by a unitary
transformation, Z is also equal to the spur of e—#H in the representation of the
eigenfunctions | ¥'?> of H®. Putting

Z=7"exp [—B(®V +e¢,,)], 17
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one therefore has
Z'=8p {exp [—B(H,+®")]}
— 5 (1ym!)(8n3 V) x
m=0

R Z <qm.7m ¢t q]jl | €xp ['—B(HO"'@,):” qul v qm.?m>' (18)‘
Q1. - - Apim

The first step in evaluating this is to expand the operator in powers of ®’
exp [—B(Hy+P")]
—e=#et £ (—1y f E f i - f j"lexp [—(B—BH P exp [—(B1—LH P
... D exp (—B,HydB, . . . dBAB;. (19)

@
Considering next the operator &= X W, substitution of (10) in (2) gives
v=3

=T By, . A +ATL) . (A AT A var . ey (20)
171« - < Qy)y

where Aq=1 if q=2nt and is zero otherwise and the abbreviations ¢ for q,j;
and —i for —q,j; have been used in the suffices of Aq; and Agq;. The coefficients
BY), ., differ slightly from those of van Hove but are still essentially the
Fourier transforms of the Cﬁf&lal,_ .l Of (2). They involve factors.
(wg ®g. . . wy)~% but the normal modes of zero frequency, which occur for q=0,
do not cause any problem since they are excluded from the calculations as being
pure translations of the crystals as a whole. For small q some frequencies are
small but it can be verified that other factors in the B™ prevent them becoming
unduly large.

1 11 11 1

3 3

4><4 3 33 3
@ (b) (©

Fig. 1.—Perturbation diagrams (read from right to left). (a) Dis-
connected, (b) connected, (¢) connected reduced.

After substitution of (19) and (20) in (18) it is obvious that the first quantities
of interest have the form

{my. . ., 1]|exp [_(B_BI)HO]AiA:i . ..exp [—(B1—Ba)H] - - .
CARA, L. exp (—BH)| 1, . . ., m).

(21)
Each of these may be represented by a diagram with a vertex for each operator
A;A5. . ., at which phonons i, . . . are annihilated and j, . . . created. Diagrams

of the types shown in Figures 1 (a) and 1 (b) are termed disconnected and con-
nected respectively by van Hove, who has shown that calculations may be made
in terms of the latter only. There are still two essentially different types of
connected diagrams, as illustrated in Figures 1 (b) and 1 (¢). Van Hove terms
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the latter reduced diagrams and shows that only these need be considered if
the operators A4;, A; are replaced by

A;[1—exp (—Bhiw;)]"}, A[1—exp (—Bhiw;)]~*.

Denoting the complete operator so modified by exp [—B(H o+®’)], and sum-
mation over reduced diagrams by X, the final expression for the free energy is
red.

F=®0 417 2. g +F, (22)
where v
I'=—@1/8)InZ’

1 V" 1
=F'@ _ = LA I _ '
B re§<:1.(8753) =i 1,..2.,1@ (n,...1|exp [—B(H,+P)],|1...n,)
(23)

where n, is the number of initial (or final) phonons in a reduced diagram and
F'®(=7 of I) is the (harmonic) contribution from diagrams with no vertices,
that is,
F'® = % In [1—exp (—Phiwg;)]. (24)
qaj

IV. QuArTIC CONTRIBUTION TO F
The present calculation was made for a cubic crystal (@(®=0) and only the
lowest order (quartic) anharmonic terms in the ul, were included so that &’ =&,
In this case each annihilation-creation factor in (21) consists of a product of four
operators A, or A} corresponding to a fourfold vertex. Diagrams involving
any number of such vertices should be considered but each additional vertex
reduces the contribution of a diagram considerably. (This arises from the fact
that @®/P® is of the order of w?/d2.) For this reason diagrams with more than
one vertex were ignored and this left only the three reduced diagrams shown in
Figures 2 (a), 2 (b), and 2 (¢) to be considered. Furthermore, the only annihila-
tion-creation operators of interest must contain two operators A4, 4; and two
corresponding ones A, Aj since (VP | 4,45, . .| ¥P>=¥? | ¥y is zero
unless | ¥') and | W32 are the same state, owing to the orthogonality of the
['W5)>. With this point in mind &'=@®® may be replaced by
i Z o Bl a4y 4L (4,440, (25)
where either (i) 3=—1, 4=-2, (ii) 2=—1, 4=-3, or (iii) 3=—2, 4=—1
(it is convenient to replace suffix 3 by 2 in (ii) so that in all cases there are just two
different suffices 1 and 2). In each case one has a sum of 16 fourfold annihilation-
creation factors, of which one corresponds to each of Figures 2 (a) and 2 (¢) and
two to Figure 2 (b) while the other 12 are of no interest.

In the practical calculation of the quartic contribution F'® to the free
energy the coefficients B{ 5 , remain to be evaluated. This was not done
explicitly as it proved simpler to substitute (10) into the classical expression

11 9Bl (1)
@) == = ’ Y Zwdl)
® 2 4! z Z > (aalaoc2aocsaoc4

1 1 1 r
vy ) (“uozl “"u'u'a,) L) (uxa‘ _ux’a.) (26)
L1273 [- R 0
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(where r2=x2 {4222, each «; may be z, y, or 2, the differential coefficients are
to be evaluated with r=#¢} —#%, and the primed summation sign indicates that
the case x=x', 1=1" is omitted) and consider sets of terms with the same o, a,, otg,
and o, Ignoring for the moment the factors (473%/NV)iwg}(dqj+4" q;) and
the summations over q and j, consider the following cases.

QT

(@ (b) ©

Fig. 2.—Perturbation diagrams (read from right to left).

(@) If ay=ay=ay=0a,=2x, the remaining factor in the contribution of such
terms to P may be reduced to

N ’ a4¢:3£' ’ ’
N3 (T2 05005 005 05 2) e
where
Solly %2's 'i)=me —2V e Vwiz €O8 q;° (F _‘i'x')+V>2c’iw- (28)

() If ay=ay=a;=x and a,=y, say, the corresponding factor is a com-
plicated one. In the case of a crystal of cubic symmetry, every part of it containg
factors of the form cos q- (¥, —t.), which may be replaced by

. ol o . ol o ol o
sin g, (P —Fey) 8IN q, (o —Fuy) COS g, (Fyp —yrz)e
(¢) If ay=a,=x and «y=o,=y, say, the corresponding factor is

I P , ’
z X (awzay) {755 x5 1) f, (15 30’5 2) (8 %5 1) fi(l5 0”5 2)

+4g,,(1; xx’; 1)g,,(1; xx'; 2)}, (29)

N
2

where
gxy(l KK /b) - Vmw me _( mevu iy + Vu. M:me) Cos q;- ( ""rx ) + Vu wa iy (30)

(@) If ooy =0, =w, ay=y, a,=2, say, the factor is again a complicated one but
again for cubic symmetry every part of it contains factors of the form
cos q - (¥, —¥y), which may be replaced by

o . o . Y |
cos Qx('rm: ——7‘%'@) S Qy("'xy _'rx’y) s Qz('rxz ""Fu’z)-

In each of the cases (a)-(d) there are contributions from pairs of particles of
the same type (x=x') and from pairs of different types. For the former the
notation

o, 295 ) wan \ |
901005005001/ ¢ =(@amag 1) (amaocgaocsau) ocos q-te=(x, 00505 Q5 1)5
, 0D},
(W) €08 (@ +0) B = (1220505 1, Qo3 1) (31)
4

will be introduced, while for the latter, for which there is no prime on the summa-
tion signs, 1 is replaced by A.
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It was appreciated at this stage of the work that, despite the approximations
made so far, the necessary calculation of F'® for several temperatures and
volumes of the crystal would prove far too lengthy for the value of the results
obtained without further approximation. It seemed necessary to simplify the
dependence of expressions (a)-(d) on q; and q, and this was investigated for
4:=(q10 0, 0); 42=(¢2. 0, 0) in the case of sodium chloride, for which V,g;, V,q;
were known from the calculations of I. The following conclusions were reached.

(i) Expressions for xx»’ were larger than corresponding ones for x=’
by factors ~100 except for a few values of ¢, where both were small.

(ii) (% g5 N)==(2* A) o8 mg,; (% 45 A)==(2% A),
(@ g5 N==(a%y% N) cos 5 (5% 03 M)==(y%2; ),
where (2% A) is (2% ¢,; A) with ¢,=0 ete.

(32)

(iii) All expressions involved in (b) and (d) were identically zero.

It was therefore decided, for all values of q;, q,, to neglect (b), (d) and the
contributions to () and (c), for which x=x". Further reduction of the remaining
parts of (a) and (c) is then possible by use of crystal symmetry. Thus preliminary
summation of these over the 48% wave-vector pairs obtained by applying cubic
symmetry operations to q, and q, was carried out. Thereafter summation
over a q could be restricted to a basic region of q-space,

n/a>¢,>4,>¢,>0; q¢,+q,+9,<37/2a,

where a is the lattice constant of the crystal, i.e. v,=2a3 In carrying out this
preliminary summation (denoted by X) the symmetry permits the factor
e

08 q * (Fy —Fyw) COS Q- (Fy—Ty) to be replaced by cos (ql—}—qz)-(f':{——i'u'). Then
from terms of type (a) one obtains

a Q}\O
Tsew E( “") S5 x5 1) fo s 3’5 2)
2 e xx' A a ot
=12N Re {(#% A)P(d1j1)P(a,5,)}, (33)
where
P(q]) = quj . quj —[—Vu'qj . Vu'qj —23 quja Vx'qjaeiﬂqa. (34)

Similarly from terms of type (¢) one obtains
( a @7\0

dad0d

—ZEZZ

2 e ux’ A o0

) (a5 1) s 00’5 2) - Fon A 3¢5 1) fus (g 00’3 2)

F 4G, (A; %15 1), (A5 %; 2)}
=24N Re {(«®y% M)Q(41j1)@(d2j2)} +48N Re {(#%y% A)R(q,5,)R(q.7],), (35)

where
Q(qj)= Viqj* Vg + Vu'qa' “Vieaj— (Ec (Veajz Vu'tm + Viaiy Vx'qjy)ei"(% 2, (36)
and

R(qj)= b [qua‘u qujy + Vu’qjx Vu’qjy —( quiaa Vu'qa'ﬂ + Vu’qjx qui@/)em(q” +al 7, (37)
cyce.
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2 denoting eyclic permutation of x, y, and z. Thus the approximate expression
cyc.

for @4 proves to be

64N [ 7 \*(8m3)\? basic 12B{*; . .
()" 7 - IR B
L B (2N) ( V) ZE A4 ), (38)

where
B{*,=Re {(2% M) P(1)P(2) +2(2%% MQ1)Q(2) +-4(z%% MR(R(2)},  (39)

and the final bracket of (38) contains 12 different fourfold operators, of which
3 correspond to Figure 2 (a), 6 to Figure 2 (b), and 3 to Figure 2 (¢). This
expression has to be substituted in the approximate quartic contribution to the
free energy

. ‘
( - )n ) .. 1] f e—(B-B)HPW o-BHdB,| 1. . .0,
_ . 0

1;"(4)&.1_2
8%) nlqs. Zayi,  [L—exD (—Bhoy) J[L—exp (—Bhoy)]

red.

(40)

For the operators in ®¥ corresponding to Figure 2 (a) #»,=0 and each one,
e.g. A, A,A14;, produces a term

8
0] f . e—(B—E)H A A, A7 Ase—PEdp, | 0>=B(V/873)2 (41)

For an operator such as AjA,A,A; corresponding to Figure 2 (b) n,=1 and one
similarly obtains

8
(g‘%)<1| f . e~(B-BHATA, A, Ase—BHdB, | 1> =Bexp (—Biw,)(V/873)2.  (42)

For an operator such as A;A;AIA2 corresponding to Figure 2 (¢) n,=2 and one
obtains

V\%1 "_(B_)H.. em B v\
873 2_!<2’1| oe B4 Ao A Age—Ps °d(31|1,2>=§exp[—ﬁh(m1+w2)] 873 °
(43)

It may be noted that in obtaining these results various positive and negative
powers of (V/8n3) arise from (13), from the normalization of the harmonic eigen-
functions, and from the fact that, when a summation over q and j becomes
redundant (e.g. for Figure 2 (b) one of the % in @@ is redundant since it is

Q)
duplicated by another 2 in F'®), a factor V/8n® must be introduced (see vH).

qj
Substituting these results in (40), one obtains

F/(4)=24—;’:2 baZSic Z B(4)’ [1 +exp (_Bﬁwl)][l —|—eXp (—Bﬁ(’)Z)]

i 1 20051 —exp (—Bhio) L —exp (—Bhay] )

Now B{‘”z consists of three parts, each of which is separable in q,, q, and the
. corresponding contribution to F'4) can therefore be expressed as the square of a
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single sum over q, j. Finally, if the real and imaginary parts of P, @, and R are
denoted by R;, Ry, Ry, I, I,, I, respectively, one obtains

w24 5 { [bgicsz coth (Bﬁmq,-/2] ' [bgiczlk coth (Bﬁwqj/2)] 2}.
k=P,Q,R q j Wgqj q j Wqj
(45)

V. APPLICATION TO SODIUM CHLORIDE
The purpose of this work was to examine the effect of inclusion of the quartic
terms in the expansion of @ on the theoretical thermal expansion of sodium
chloride. Thus, as in I, solutions of the equation of state

p=—(0F[aV)r (46)

for various values of the lattice parameter a were sought, with the quartic con-
tribution to the free energy included at all stages. Thus, one mole of the crystal
was considered, for which V=2Na3, N being Avogadro’s number ; let V/V,=g,
where the suffix zero will always denote values for a standard value a, of & (the
experimental value at 7=288 °K). It was assumed that

DO =N(—o, a5 'g~13+6bag g—ni3), (47)

where o,, is the Madelung number for the lattice, e is the charge on an electron,
and b, » are parameters ; as before the latter were replaced by

A=4n(n+1)be~2a5""" and B= —4nbe-2a5" .

A and B were determined as in I, i.e. by satisfying (46) and xz =V (92F/0V?)y,r
at T=288 °K, p=0 with the experimental values for a, (2-814 x10-8 cm) and
the isothermal compressibility x, (4:16 x10-12 cm2/dyne). At each stage of
the iterative procedure (see I for details) F’® and F'® were calculated for
T=288 °K and six values of ¢ by digital computer, as this proved simpler than a
direct computation of their derivatives. A further approximation was made in

TABLE 1
COMPARISON OF VALUES OF PARAMETERS

A B n b
Kellermann .. 10-18 —1-165 7-738 1-148x10-7
I .. .. 10-68 —1:048 9-188 9-902 x 10-83
Present work. . 10-40 —1-:063 8-779 1-587x 10~

the case of F'™® ; it was decided that the dependence of R, I, (k=P,Q, R) on
g would be relatively small so that, in order to reduce the amount of computation,
their values calculated for one value of g (and the 300 values of (q, j) used in the
further summations) were used for all g. The normal frequencies wg; having
only been calculated for about 50 points in the basic region of q-space, summations
were restricted to these values of q with suitable weighting factors (AK of I).
The derivatives, e.g. (0F'® [0V )y, (02F'®[9V?),, ,, were found numerically from
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difference tables prepared from the computations. The values obtained for
4, B, n, and b are compared in Table 1 with those of Kellermann (who essentially
ignored the dependence of the vibrational energy on ¢) and of the calculation I
(where F'*) was not included).

With these values of the parameters F'® and F'® were computed and
(0F"®[9V); and (0F'®[9V), determined numerically for various values of
g and T, and thereby pairs of values (g, T) determined for which (46) was satisfied
(with p=0). In order that comparison with experiment could be made for
temperatures below 7'=288 °K, normal frequencies for the crystal were computed
for g=0-975(-005)1-000. The theoretical curve so obtained is shown in com-
parison with the experimental results of Fucken and Dannéhl (1934) and of
Srinivasan (1955) in Figure 3 ; also shown is the theoretical curve obtained in I.

1112 r
110

108

t02

1-00

1 ! Il 1 L { L 1 1
[e] 100 200 300 400 500 600 700 800 900 1000

TCK)

Fig. 3.—Expansion of sodium chloride. —(®-@- Experimental
(Eucken and Danndhl 1934 ; Srinivasan 1955); —— theoretical
(present work); ---- theoretical (I).

As in I there is wide discrepancy between theory and experiment at the higher
temperatures and again it seemed of interest to calculate the specific heat C,
at constant volume and x;,, using the experimental figures for the thermal
expansion to relate the values of g, for which the normal frequencies to be used
had been calculated, to temperature T. They were both calculated numerically
from suitable difference tables for F'® and F'® and the relations

C,=—T(3*F[oT?),, and »g' =V (*F[dV?)1,;.

(Note that the first group of terms in expression (31) for »7 ' in I is incorrect
except when g=1.) The results are again compared with experiment in Figures
4 and 5. As an indication of the magnitude of the quartic contributions, curves,
for which these have been omitted, have also been inserted. (They are, however,
calculated with the values of 4 and B obtained by inclusion of quartic effects.
If quartic effects are completely ignored, the curves of I are obtained.)
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VI. DISCUSSION OF RESULTS
As can be seen from Figure 3 agreement between theory and experiment
has not been improved greatly by the inclusion of the lowest order anharmonic
terms in this calculation of thermal expansion. Although a number of approxi-
mations were made in obtaining the expression (45) for F'¥, ultimately aimed

2 g —

Cy (CAL DEG~'MOLE™Y)

o 06 206 306 400 560 660 700 506 566 1600
TR

Fig. 4.—Specific heat of sodium chloride. -@©-@- Experi-

mental (Hunter and Siegel 1942 ; Clusius, Goldmann, and Perlick

1949) ; —— theoretical ; —-—-— anharmonic contribution omitted.

Ky X 10'2(cM2DYNE™Y

1 It I\ i ! | 1 1 1 J
o 100 200 300 400 500 600 700 800 900 1000

T °K)

Fig. 5—Compressibility of sodium chloride. —-@-@- Experimental
(Hunter and Siegel 1942 ; Overton and Swim 1951) ; theory ;
————— anharmonic contribution omitted.

at making its computation a reasonable proposition, these are not thought to
have affected the result essentially. The factors

(w10,)71 coth (Bficw,/2) coth (Brw,/2)
will obviously increase with 7 and the great majority with V also (since most

96/0V <0). At high temperatures the arguments 37%w/2 are so small that the
rate of increase of these factors with V causes (9F'®[9V), to outstrip
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—(0F'® [0V ), —oP®[9V at all volumes, i.e. no equilibrium volume can be
found. This stems originally from the use of a Taylor expansion for & up to
quartic terms only in the uk,. Inclusion of higher order terms, which would
increase the computation enormously, might improve agreement with experiment
but, as stated in Section II, the use of such an expansion for @ can never be
satisfactory at high temperatures. At the lower temperatures (below 7'=288 °K)
agreement with experiment is reasonable but little better than is obtained by
ignoring the quartic terms, as would also be expected. The unrealistic influence
of the quartic terms at higher temperatures is also well illustrated by Figures
4 and 5.

It appears to the author that it would be unprofitable to proceed any further
with the investigation of thermal expansion, even for ionic solids, on the basis
of the expansion in powers of particle displacements of the form used here for
the potential energy ® of a crystal. Replacement of the repulsive term b/r»
in the interparticle potential by an exponential term might be worth while but
it would probably be even more profitable to examine the effect of deviations
from central symmetry in the interparticle forces (Born and Huang 1954,
especially Chapter V).
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