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Suhmmry
It is shown how the general relativistic electromagnetic equations for a material
medium can be expressed in the form of a single four-vector density equation. The
field tensor has six different complex components instead of three, as in the case of a.
free medium. The classical equations are obtained by separating the real and imaginary
parts.
I. INTRODUCTION
It has already been shown how, for empty space, Maxwell’s equations in
General Relativity may be expressed as a single complex vector density equation
from which the complete set of classical equations can be deduced by equating
the real and imaginary parts (Taylor 1952). It was pointed out (loec. cit.,
Section VI) that this seems to be the natural generalization of the quaternionic
form used by Silberstein (1924, pp. 46, 206) for classical and special relativistic
theory. The purpose of the present investigation is to extend this method
of the complex field components to the case of a material medium, for which

D=¢E, B=pH.

Some work related to this topic has been attempted before. Following
the success of the quaternionic notation in dealing with the electromagnetie
equations for a vacuum in classical theory and in Special Relativity, Silbersteimn
(1907) tried a similar treatment for material media. He considered the classical
equation (our notation)

0 .
5? = —iv curl v,

where

n=+<eE+iVuH
and

b=c/Vep.
This is obviously unsuitable for inclusion in a relativistic theory, and besides,
the equations div B=0, div D=p cannot be brought into this scheme. Using
a different line of attack (1924, p. 260) he obtained the complete set of Maxwell’s
equations for a ponderable medium in Special Relativity in terms of two quatern-
ionic equations involving the two different bivectors (our notation) '

BHiE, H4iD. .................. (a)
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In the usual method there are two tensor equations depending on the two
antisymmetrical tensors, each with six independent components, corresponding
to the bivectors (a). In our notation, the components of these tensors are,

respectively,
0 —B;, B, iE, 0 —H, H, iD,
B, 0 —B;, iE, and H, 0 —H, iD,
—B, B, 0 iH, —H, H, 0 iD,
—iE, —iBE, —iBE; 0 —iD, —iD, —iD; 0

.................... (b)

In, this form the equations may be readily extended to the continuum of General
Relativity. Examples of this tensor method are given in works by Silberstein
(1924, pp. 288, 462), McConnell (1936), Costa de Beauregard (1949), and Schouten
(1951). The method is based on the investigations of Minkowski (1910) in Special
Relativity. He uses a matrix notation, obtaining two equations (loc. cit., p. 38,
equations {A} and {B}) in terms of the two matrices corresponding to (b). By
simply adding Minkowski’s two equations we have the equivalent of the single
field equation of the present theory (equation (1)), for the special case of Cartesian
coordinate systems.

Sommerfeld (1948) mentions two bivectors similar to (a), but gives the
electromagnetic equations in their usual tensor form.

II. MAXWELL'S EQUATIONS AND THE FIELD COMPONENTS

Consider the equation*
0

aacv(Dw)=Ju, ............ RAREETERE (1)
where J¢ is the current four-vector density
. . . .
JV-:—E(yl, Joy Jap 16P)y  eeeiieiiiiiiin (2)

and Dwv is the field tensor density derived from the field tensor Dwv, whose
components in the geodesic Cartesian system (@, y, 2, ict) are
D= 0 F, —F, N,
—F 0 F, N
FZ _F, O1 N: ) e (3)
—N, —N, —N; O
where
F,=il, —H,, ete., (4)
NomiD, —B,, ete. f tctititiieiee
Tt will be noticed that (3) may be obtained from (b) by combining one with
the dual of the other. However, (4) are not the components of Silberstein’s
Dbivectors (a) except in a free medium, the case previously considered.
If (1) is written out in the geodesic Cartesian system, we have, from the

real part,
oD .
—at——l—]_-c curl H,
div B=0,

* Roman type shall denote tensor densities, while italics shall refer to tensors.
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and from the imaginary part,
oB
ot
div D=p.
Equations (1), (2), (3), and (4) therefore define the complete set of Maxwell’s
equations in macroscopic terms, for a material medium at rest relative to the.
observer. Instead of two sets of equations depending on two field tensors,
each with six terms, we now have one equation depending on one tensor with
six distinet components.

If it is assumed that (3) and (4) determine the classical components of the
field in any system of coordinates, an inconsistent set of equations is obtained
for the transformation of the field components. We must therefore postulate
some other tensor, having fewer distinct terms, whose transformation is to define
the field in all systems of coordinates. This tensor shall be, in the geodesic
Cartesian system,

’ Bw= 0 M, —M, M,
—M, 0 M, M, ) (5)
M, —M, 0 Mo (7 e
-M, —M, —M; O

=—ccurl E

where .
M,=iE,—Bj, ete. ..., (6)

This is constructed from the first of (b), the tensor which defines the transforma-
tion of the field components in the usual relativistic theory of the material
medium, and it has the same form as the v which was used in the case of fields
in free space (Taylor 1952).

The relation of the field components in one Cartesian system of coordinates
(z4) to the components in another system (##) is then given by the transforma-
tion equations

ox'v ox'v

E V'VZW EEE E“B,

where, according to our postulate we have

B2=M' =iF',—B',, ete.
as well as (5) and (6). Writing this out, using the coefficients 92'1/dzx calculated
from the Lorentz transformation, we obtain the required classical equations

=5, B'y=B,,
By, P T 0[0)Bys g, Buyy £ (0/0) By
'3 \/1 _,02/52 9 213 '\/1 —02/02

for the case where the space of (¢'tt) is moving relative to the space of (z¢) with
velocity v in the ! direction. -
The fact that the components of Ew are arranged as shown in (5) can be
stated in the covariant form
Ep‘v=%€“VGTEo'T. .................. (7)

A tensor which satisfies an equation of this type is described by the term ¢ self-
dual ”* since the operation indicated on the right-hand side (that is, the formation
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of the ‘ dual’) reproduces the original tensor. Guided by (7) we shall try
expressing Ew in terms of a potential function as follows :

Ey.v:(\/ggpcgvr _}.%ey.vc‘r) (g;_:_ gz—;) ........ (8)

This identically satisfies (7). By comparing with the similar treatment for
Fw in the case of empty space, we find that (8) includes the classical equations
B=curl A,
E=—grad V—AJe,
where
xll-z(Av A4, A iV).
We now show that the six-component system D¢V can be expressed in terms
of Ew and another three-component system, Bwv. Take, for the case of the
geodesic Cartesian system at rest in the medium,

Bw= 0 0 0 I
0 0 0o L,
0 0 0 L
-L, —L, —L; 0,
where
L,=N,—F,=i(D,—E,)—(B,—H,), etc.
This tensor vanishes in an empty region, and is of an appropriate form for
matter at rest, since it attributes a special distinction to components involving
a time index. It therefore seems a suitable tensor for describing the departure
of the field, in the presence of matter, from the completely isotropic (i.e. invariant
in form under coordinate transformations) part represented by Ewv. We then
have
Dw=EW ;- IB&W —1cWTRBg7, ...vvvvvennnn. (9)

where the 1, R operators denote that the imaginary and real parts, respectively,
are taken, the factor i being preserved in the imaginary part so that
Buv=(R-+-1)B*. For the Cartesian system,

IBv— 0 0 0 i(D,—H)
0 0 0 i(D,—F,)
0 0 0 i(Dy—H,)
—i(Dy—B,) —i(Dy—E,) —i(D;—E;) o ,
and
—3evoTRBor= 0 (B;—H;) —(By,—H,) 0
—(B;—H,) 0 (B,—H,) 0
(By—H,) —(B,—H,) 0 0
0 0 0 0

Hence (9) implies
D2 =iE, —B;+0+(B;—H,)=iE;—H;, ete.
DY¥—iE, —B, +i(D,—E,)+0=1iD, —B,, etc.
a8 required.
Using (9) the field equations can be expressed by one equation involving two
tensors with complex terms, each having three distinet components.
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It will be observed that the space-space components of the tensor Dwv,
given by equation (3), are the components of the self-dual tensor Fwv, which
has been used in the treatment of fields in free space. Since FWv is independent
of the properties of the medium, and since it is a characteristic of the self-dual
part that it does not indicate motion relative to the medium (being preserved
in the same form for transformations of coordinates), it might at first seem
more reasonable to choose F4v instead of Fv ag the self-dual portion of Duv,
However, if this were done, results would not agree with those of classical theory
except when p=1. Hence E&v, but not Fiv, is an isotropic tensor in a material
medium in which w@71.

ITII. RELATIONS BETWEEN THE FIELD COMPONENTS
The next step is to express the classical equations
D=cE, B=pH
for a homogeneous medium, as a single tensor equation. Since there are six
different equations involved here, we shall attempt to solve the problem by
assuming a completely self-dual set such as
Dw 4 iewvotDor=aREW +-bIEKY, .......... (10)
the E¢v being split up into its (self-dual) real and imaginary parts to admit the
appearance of two constants. The comparison of (10) with the classical
equations provides a, b in terms of ¢, p.
When the indices p,v=1,2 or 3,4 in a Cartesian system at rest in the medium,
F;+N,=aRM,+blM,.
Therefore
(iBl;—H3) +(iD3 —B3) = —aB; +bils,
with similar expressions for the other components. The real and imaginary
parts of this will respectively reduce to the third components of the classical
equations quoted above, provided

14+1/u=1
o= i/“ +o, say, } ................ (11)
From (10) and (11) therefore,
DWW 4 1ewvoTDor =B +oREW felBW. . ......... (12)

Other forms may be obtained by substituting from (9) in this equation, or they
may be derived directly by the method just described. For example,
commencing with the completely self-dual equation

Div 4-evotDgr =a BV 4-B(BWY 4 LevoTBgy),
we find
2(e—p) _ ue—1
Tpe—2p+1 B= pe—2p+1’

In the case of a crystalline medium we require an equation reducmg in the
rest system to ‘
D‘~511E17 Bi=“‘inj7

where 4,j=1,2,3. The second equation may be solved to give

H i:cp,.ij.
There is also the additional requirement that the nine-component systems

€, ¢;; should be symmetrical.
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Consider the equation*

DWW 1ot Dgr — Rk =%(<p%R —}—e%l)EaB. ........ (13)
Since there are only three independent terms in the tensor which constitutes
the whole of the left-hand side, and only three in the E«B, the cp% and sgé' must
each have only 3 X3 independent components, as required.

Using geodesic coordinates at rest in the medium, (13) gives for p,v=1,2;
2,1; 3,4; or 4,3 g
D2 D¥ _F12=1(¢ o%F%R —l—s&éI)EaB.

In the sums over o, there are four terms equal to that in which «,8=1,2.
Similarly for «,$=2,3 and 3,1. Hence o
D2+ D¥* —E"2=(p1ZR +-e12D) B2 +(p)2R +-el21) E® -+ (pL2R +-<121) B3
Equating real and imaginary parts, this gives
H;=¢13B5+031B, + 93381,
Dy=ciZE;+ 2B, + €12E,.

The formulae for H,, D, and H,, D, are found similarly. The results can be
summarized by '

—e23 23 23 — gld gld 14
€ij=Cs3 ©E31 €12 = S34 S5y Sy
31 ¢31 31 24 24 24
€3 %31 12 €4 G2 S34 , ete.,
12 g12 12 34 o34 o34
€3 €31 Ci2 €4 S5y S5y
each independent s% corresponding to one of the ;. Similarly for the ¢,;.
- The symmetry of ¢; shows that ‘
P‘V= o]
.. EOCB suv’
and similarly
Y — o3,
P ™ Puv

These two latter equations are not transformable in general coordinate systems.

In the usual theory, different methods of deriving covariant forms of the
classical relations D=cE, B=pH have been used. Schouten (1951) obtains a
single tensor equation with six components, while McConnell (1936) takes, for
the more general case of the crystalline medium, two tensor equations.

IV. THE PONDEROMOTIVE FORCE
Congider

WM:%DV-\'JV =DWJy, ... (14)
Take the case of geodesic Cartesian coordinates. In such a system a force/power
four-vector P* would be given by
Pu=R(W?Y, W2, W3), (W4).

* The dielectric constants must not be confused with the s-systems, in which the suffixes
will always appear as superscripts.
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Now
Pl=R(D2J2 D133+ D14J%)
1, . . .
=R{ -E(Fah_Fzﬂs) ‘“NﬂP}
1 . .
=E(H3]2—H2]3) +D,p.
Algo
Pi=(DUJ1 - D®J% | D43]3)
i,
Zc—] . D.
Therefore

1. i
PM:(pD—f——chH, 4. D).

Hence (14) corresponds to the classical force/power per unit volume.

The conservation of charge is deduced exactly as before.

The law of propagation of electromagnetic waves has lost its fundamental
significance—the velocity is no longer the same for all observers—and so the
wave equations cannot be derived as neatly as before from the general four-
dimensional equations. They can best be obtained by way of the classical
equations.

V. THE PROPAGATION OF POTENTIAL
We now attempt the deduction of the wave equation for the potential
function from the four-dimensional expressions. Consider the case of a homo-
geneous isotropic medium at rest with respect to.a geodesic system of coordinates.
Equation (12) becomes
Dy 4 Levor Dot —Fwv=(pR +cl)Bw. . ....... (15)
Also, from (9),
Dwv=Euv - |Buv —L1eWvsTRBOT, ... ........... (16)

From the definition of the potential function (8) and equation (7) which it
includes,

| EHV:%—%—}-%EWW(%—%), ............ (17)
By =1cWoTHOT, e (17%)
From (16) and (17)
$evotDoT=Fuv 4 LevoT|BoT —RBWY, . ....... (18)
Substituting from (18) in (15),
Dvv 4 Jetvot]BoT —RBW — (@R +el) EWv=0. ...... (19)

We shall let Greek suffixes range from 1 to 4, and Latin suffixes from 1 to 3.
In (19) we take u,v=4,i. Then in the second term &,z must be of the type j,k.
But B#=0. Hence

D% —RBY—¢@REY%—clE%=0. .......... (20)

Assuming that there are no currents or free charges, we have, from (1)
0D%/9xi=0,
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and so, operating on (20) with 0/0x¢, and choosing the imaginary part,

But, from (17)
P ozt oxi)’
OE% 9 (0w, Ox,
Tt~ i\ 9 a74)

For a reason which will appear later we cannot here use dxy/0zt=0, as in the
case of empty space. Since », and #* are both imaginary, (21) becomes

0 (Oxg O —0
%\ 9 %4)— '
Writing x;,=A, x,=iV, this gives :

V2V—|—% AvA=0. ..., (22)

B 3%4 ox; + Letiik (%ﬁ _ alk)

Hence

Now let us take u,v=1,j in (15) and (16), noting that BY=0, and also that
€47 has the two sets of components e¥4= —c¥4k, Subtracting the two equations
thus obtained in order to eliminate DY,

i Dk — (R +el) B —e*RB¥#=0.
We next differentiate this with respect to z*t. Now
0D [9xv =0,
and so
0D* 9wt = —0D*"|ox™.
Hence

kn
_sijmaél;n _ a%(@k +€|)Eij — 5ijk4a%4(RBk4) =0.

From (19), using B¥=0 again,

Din= k] Br4 4 (R +-cl) B
Hence '

——slf“—{ —ak"P‘lIBM—}—(ch +el)E¥n} —i (R +sI)EW—eWc4 = (RB“)
The real part of this is obviously
—s“’“aa (pRE#m) — a (alE'if)=0. ............ (23)
Now, from (17)

oxi oxt '\ oat oak)’
where i,j,k is an even permutation of 1,2,3. Hence,

Vi a}(k 8%4
IE“—(%—W)’

0 0 (On; Ox, Ony Oxg
aw"( RE")= aw2(8x2 8901) +6w3<6w3 axl)

E]_ax axj+(ax,€ 8x4)
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Putting ¢,j=2,3 in (23) and substituting from these,
(0 [0n; Oxy L9 (axl Oy 9 (Ony Ony -0
Y1002\ 602~ 2wt) T 0w\t Bwr ) § T “0at| Bt awl) '
Substituting for % and », this is seen to be the z-component of
%2}; +Z grad V4o grad div A —gV2A=0.
Putting ,j=3,1 and 1,2 gives the other components. This can be written
A At grad (div A+§0‘_’“ff):o. ...... (24)

In order that the propagation of the scalar potential V and the vector
" potential A should be consistent, we require

div A—I—%P“ff:k, .................. (25)

where k is a constant, usually taken to be zero. This causes (24) to be reduced
to

et
VEA= G?A’
and on substituting in (22) gives
SLL X
V2V: CTV.

The condition (25) shows why it was not possible to assume 0Oxyu/ort=0,
as for empty space. This equation must be replaced by the (covariant) statement
that all components of the potential function are propa,ga,ted with the same
velocity.
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