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Abstract

Using ultrasonic velocity measurements, all components of the elastic constant matrix C ij ,
elastic compliances matrix S ij , and linear compressibility constants matrix K ij of orthorhombic
Cs2HgBr4 and Cs2CdBr4 crystals have been determined over a wide temperature range,
including the region of the phase transition from the normal to the incommensurate phase.
Results obtained are considered within the framework of the phenomenological theory.
Preliminary analysis of the acoustical properties at room temperature clearly indicates that
both crystals are relatively important materials for acousto-optical applications.

1. Introduction

Caesium mercury tetrabromide (Cs2HgBr4) and caesium cadmium tetrabromide
(Cs2CdBr4) are members of the large family of β-K2SO4 structure materials. Many
of these materials show an incommensurate phase in their sequence of structural
phase transformations. In general, the incommensurate phase is terminated by
a lock-in transition, and the resulting commensurate superstructure phase is an
improper ferroelectric or ferroelastic. The two materials considered in the present
paper, Cs2HgBr4 and Cs2CdBr4, are unusual among the A2BX4 crystals, since the
lock-in transition occurs at the centre of the Brillouin zone (kC = 0) rather than
at kC = ma∗/n (a∗ = 2π/a is the reciprocal lattice parameter), which usually
takes place in the incommensurate dielectrics. Thus the incommensurate phases
of these crystals belong to type II according to the classification of Bruce and
Cowley (1978). At atmospheric pressure these crystals have the following phase
sequences (Plesko et al . 1980a, 1981; Maeda et al . 1983):

Cs2HgBr4:

phase I
T1=243K
−−−−−−→ phase II

TC=230K
−−−−−−→

phase III
T1=165K
−−−−−−→ phase IV

T2=85K
−−−−−−→ phase V.
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Cs2CdBr4:

phase I
T1=252K
−−−−−−→ phase II

TC=237K
−−−−−−→ phase III

T1=158K
−−−−−−→ phase IV.

Both crystals undergo three analogous consecutive phase transitions: from the
orthorhombic normal phase I (space group Pnma) to the incommensurate phase II
at T = T I, to the monoclinic proper ferroelastic phase III (space group P21/n11)
at T = TC and to the triclinic proper ferroelastic phase IV (space group P1)
at T = T 1. In addition, Cs2HgBr4 also exhibits a low-temperature structural
phase transition into the triclinic phase V (space group P1) with a doubled
period of the unit cell in the b-direction at T = T 2 (Plesko et al . 1980a, 1981).
The soft mode associated with the normal–incommensurate phase transition in
these crystals consists mainly of the rotation of the rigid XBr4 tetrahedra (X =
Cd, Hg) around the a-axis (Plesko et al . 1980b; Nakatama et al . 1987). Plesko
et al . (1980a, 1980b) reported NQR and X-ray results indicating that both of
these crystals undergo transitions at T I from the normal to the incommensurate
phase, modulated in the X -direction with k0 ≈ 0 ·15a∗, and then at the lock-in
transition, TC, to the monoclinic P21/n11 phase which restores the unit cell to
its initial size.

Acoustic and optical measurements were used in the investigation of the
pressure–temperature (P–T ) phase diagram of Cs2HgBr4 and Cs2CdBr4 crystals
(Kityk et al . 1993). It was shown that the incommensurate phase in the
P–T phase diagram disappears in the triple point (PK,TK), where the two
boundaries of the incommensurate phase merge into one line of the ferroelastic
phase transition. The nature of the corresponding triple point in the P–T phase
diagram of crystals has been considered in detail only within the framework of
the phenomenological theory (Kityk et al . 1993; Vlokh et al . 1989), whereas the
microscopic aspects of this phenomenon remain unknown.

The microscopic model of the lattice instability of Cs2HgBr4 and Cs2CdBr4

induced by high hydrostatic pressure will be considered in our further work. In
general, for ionic crystals it is frequently based on the computer simulation of
the lattice dynamics within the rigid-ion model in the harmonic approximation.
Recently, such a model was successfully applied in the microscopic consideration
of the high-pressure-induced proper ferroelastic instability in the isostructural
compound Cs2HgCl4 (Kityk et al . 1998). The influence of anharmonicity, which
causes the lattice instability at the structural phase transition, has been introduced
into this simulation indirectly through the changes of the lattice parameters under
applied hydrostatic pressure. The coefficients of the lattice compressibility, which
are necessary in this case, have been determined from the total elastic constant
matrix. Unfortunately, previous acoustical measurements (Kityk et al . 1993)
for Cs2HgBr4 and Cs2CdBr4 were not completed. They concerned only some
diagonal components of the elastic constant matrix. Thus the total picture of
the elastic behaviour around the incommensurate phase transition has not been
ascertained. This problem is solved for the first time in the present work, where
we consider the behaviour of all elastic moduli C ij , elastic compliances S ij , and
linear compressibility constants K ij in a wide temperature range including the
region of the incommensurate phase transition at T = T I. The results obtained
are analysed within the framework of the phenomenological theory.
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Finally, we must note that complete information about the elastic properties
of the Cs2HgBr4 and Cs2CdBr4 crystals is also very important from the point
of view of their application in acousto-optics. In particular, previous acoustical
investigations indicate that these crystals probably would be potentially useful
for acousto-optical applications, on account of their relatively low values of the
velocities of the longitudinal and transverse ultrasonic waves.

2. Experimental

Single crystals of Cs2HgBr4 and Cs2CdBr4 were grown from the melt by the
Bridgman method. The crystallographic axes were determined by the X-ray
diffraction method. We used the following crystallographic orientation: c > a > b
(c ∼

√
3b, where a is the pseudohexagonal axis). The plane parallel specimens

are typically of 4×4×4 mm3 size.
Velocity changes of the longitudinal and transverse ultrasonic waves were

measured by the pulse-echo overlap method (Papadakis 1967) with an accuracy
of the order of 10−4–10−5. The accuracy of the absolute velocity determination
was about 0 ·5%. The acoustic waves in the samples were excited by LiNbO3

transducers (resonance frequency f = 10 MHz, bandwidth ∆f = 0 ·1 MHz and
acoustic power, Pa = 1–2 W). The acoustic investigations were performed with
a rate of temperature change of about 0 ·3 K min−1.

3. Experimental Results and Discussion

The elastic constants are usually referred to an orthonormal set of axes X = 1,
Y = 2, Z = 3, which, in the case of the orthorhombic structure, possess a
standard orientation in respect to the orthonormal principal crystallographic axes,
a ≡ X , b ≡ Y , c ≡ Z . Here we report a complete determination of the elastic
constant matrix C klmn ≡ C ij (where i ,j = 1–6, 1 ≡ 11, 2 ≡ 22, 3 ≡ 33, 4 ≡ 23,
5 ≡ 13, 6 ≡ 12), via measurements of the ultrasonic phase velocities along different
crystallographic directions. There are nine independent nonzero elastic constants
C 11, C 22, C 33, C 44, C 55, C 66, C 12, C 13, C 23 for orthorhombic symmetry.
Direct and simple relations between measured velocities and elastic constants
are possible only for the diagonal elements (C ii) of the elastic constant matrix.
All other constants occur coupled together in more complicated relationships.
The determination of all nine elastic constants of the orthorhombic system is
therefore demanding, both experimentally and computationally. To determine
all nine elastic constants, measurements of the velocities of the longitudinal and
transverse ultrasonic waves were required in at least six different directions: [100],
[010], [001], [110], [101], [011]. Table 1 gives the details of the nine ultrasonic
waves that have been used in our studies. The relationships between measured
velocities, V i, and the elastic constants, C ij , follow from the Christoffel equation
(see, for example, Prawer et al . 1985):

|λlm − ρV 2δlm| = 0, l, m = 1− 3 ,

λlm ≡ λj = QjiLi, i, j = 1− 6 , (1)
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Qji =



C11 C66 C55 0 0 0

C66 C22 C44 0 0 0

C55 C44 C33 0 0 0

0 0 0 (C23 + C44)/2 0 0

0 0 0 0 (C13 + C55)/2 0

0 0 0 0 0 (C12 + C66)/2


, Li =



l2

m2

n2

2mn

2ln

2lm


,

where l , m, n are the direction cosines of the propagation vector q , and ρ is the
crystal density. Using equation (1) for the experimental geometries presented in
Table 1, we obtained the following relations between ultrasonic wave velocities
V i and elastic constants C ij :

C11 = ρV 2
1 , C22 = ρV 2

2 , C33 = ρV 2
3 ,

C44 = ρV 2
4 , C55 = ρV 2

5 , C66 = ρV 2
6 ,

C12 = ± 0 ·5[(4ρV 2
9 − C11 − C22 − 2C66)2 − (C11 − C22)2]1/2 − C66 , (2)

C13 = ± 0 ·5[(4ρV 2
8 − C11 − C33 − 2C55)2 − (C11 − C33)2]1/2 − C55 ,

C23 = ± 0 ·5[(4ρV 2
7 − C33 − C22 − 2C44)2 − (C22 − C33)2]1/2 − C44 .

Table 1. Ultrasonic wave velocities in Cs2HgBr4 and Cs2CdBr4 crystals

PT = pure transverse, PL = pure longitudinal, QL = quasilongitudinal

V i Direction of Approximate wave Velocity at 293 K Type
wave propagation q displacement direction e (m s−1)

Cs2HgBr4 Cs2CdBr4

V 1 [100] [100] 2171 ·9 2292 ·9 PL
V 2 [010] [010] 1781 ·3 1895 ·7 PL
V 3 [001] [001] 1758 ·0 1916 ·7 PL
V 4 [010] [001] 804 ·9 843 ·0 PT
V 5 [100] [001] 916 ·2 1016 ·6 PT
V 6 [100] [010] 811 ·3 885 ·0 PT
V 7 [011] [011] 1726 ·3 1831 ·4 QL
V 8 [101] [101] 1905 ·8 2048 ·3 QL
V 9 [110] [110] 1866 ·9 1994 ·1 QL

The measured temperature dependences of the velocities for the pure
longitudinal: V1(q||a,e||a), V2(q||b,e||b) and V3(q||c,e||c); pure transverse:
V4(q||b,e||c), V5(q||a,e||c) and V6(q||a,e||b); and quasilongitudinal: V7(q||[011],
e||[011]), V8(q||[101],e||[101]) and V9(q||[110],e||[110]) acoustic modes of Cs2HgBr4

and Cs2CdBr4 are shown in Figs 1a and 1b, respectively. Clear kinks in the
temperature dependences of the ultrasonic velocities (V 1, V 2, V 3, V 7, V 9)
occur for both Cs2HgBr4 and Cs2CdBr4 in the region of the second-order phase
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Fig. 2. Temperature dependences of the elastic constants C ij of (a) Cs2HgBr4 and (b) Cs2CdBr4 crystals.
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transition from the normal to the incommensurate phase at T = T I, whereas in
the vicinity of the first-order phase transition at T = TC considerable jump-like
changes are observed. A strong ultrasonic attenuation complicates the acoustic
investigation near TC for the V 3, V 7, V 8 and V 9 modes of Cs2CdBr4, so they
are presented only above TC.

Fig. 2 shows the temperature dependences of all nine elastic constants C ij

for both compounds that have been determined from the data presented in
Fig. 1 using equations (2). For the components C 12, C 13 and C 23 we obtained
two solutions depending on whether the positive or negative square roots were
taken in (2). The negative solutions (C 12, C 13, C 23 < 0) have been rejected
as unphysical because they did not satisfy the fundamental principle of lattice
stability. In particular, all main minors of the elastic constant matrix were
positive, as is required (Sirotin and Shaskolskaya 1979), only in the case when
C 12 > 0, C 13 > 0 and C 23 > 0.

The elastic compliances S ij and linear elastic compressibility constants K ij

were determined at each temperature from the elastic constant matrix C ij , using
the following relations (Sirotin and Shaskolskaya 1979):

S11 = (C22C33 − C2
23)/A, S22 = (C11C33 − C2

13)/A ,

S33 = (C22C11 − C2
12)/A, S12 = (C13C23 − C12C33)/A , (3)

S23 = (C12C13 − C11C23)/A, S13 = (C12C23 − C22C13)/A ,

S44 = 1/C44, S55 = 1/C55, S66 = 1/C66 ,

where

A =

∣∣∣∣∣∣∣
C11 C12 C13

C12 C22 C23

C13 C23 C33

∣∣∣∣∣∣∣ ,
K11 = S11 + S12 + S13 ,

K22 = S22 + S12 + S23 ,

K33 = S33 + S13 + S23 ,

K12 = 0, K13 = 0, K23 = 0 .

(4)

The temperature dependences of the elastic compliances S ij(T ) and compress-
ibility constants K ij(T ) obtained in this way are presented in Figs 3 and 4
respectively. In spite of all expectations the anomalous changes in the elastic
constants ∆C ij , as well as in the elastic compliances ∆S ij and compressibility
constants ∆K ij , are always continuous in the region of T I. It should be noted
that continuous changes of the elastic constants near T I are observed also at
relatively small rates of temperature change (∼0 ·05 K min−1). This unusual fact
will be discussed below.

Using the experimental values of the C ij matrix (Fig. 2), the wave velocity for
any propagation direction can be calculated via equation (1). Figs 5 (Cs2HgBr4)
and 6 (Cs2CdBr4) are polar plots of velocity versus propagation direction
(T = 293 K) for propagation vectors in the XY , XZ and YZ planes respectively.
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Fig. 4. Temperature dependences of the linear compressibility constants K ij of (a) Cs2HgBr4

and (b) Cs2CdBr4 crystals.

It is immediately obvious that the velocities for transverse, quasitransverse and
quasilongitudinal waves are nearly isotropic in the YZ plane for both compounds,
whereas in the XY and XZ planes acoustical anisotropy is clearly observed,
especially for the quasilongitudinal modes.

For each direction of propagation there are three associated wave modes, each
with a different velocity, polarisation and ray energy propagation direction. The
direction of energy flow in a crystal is, in general, not parallel to the propagation
vector. The component of the ray direction, R(r1, r2, r3), can be easily obtained
using the following equations (Prawer et al . 1985):

r1 = lQjSj +mQ6jSj + nQ5jSj ,

r2 = lQ6jSj +mQ2jSj + nQ4jSj ,

r3 = lQ5jSj +mQ4jSj + nQ3jSj ,

S =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

A2
1

A2
2

A2
3

2A2A3

2A3A1

2A1A2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (5)

where A(A1,A2,A3) is the eigenvector of the matrix λij (see equation 1).
Figs 7 (Cs2HgBr4) and 8 (Cs2CdBr4) show plots of the magnitude of the angle
between the ray direction and propagation direction, calculated via equation (5).
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Fig. 5. Polar plots of the calculated phase velocity for the (a) XY , (b) XZ and (c) YZ
planes of Cs2HgBr4 crystals.

A maximal deviation angle θM of about 40◦ is observed only in the YZ -plane for
quasilongitudinal and quasitransverse waves of Cs2HgBr4. In all other cases the
amplitude of θM is at most 25◦ for quasilongitudinal and quasitransverse modes,
whereas for all pure transverse modes the deviation angle does not exceed even
10◦. It is also obvious that the deviation angle θ = 0 when α, β or γ = 90n (n = 0,
1, 2, · · ·), which is demanded by symmetry. It is known that the deviation
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Fig. 6. Polar plots of the calculated phase velocity for the (a) XY , (b) XZ and (c) YZ
planes of Cs2CdBr4 crystals.

angle θ, which defines the aperture and size of acousto-optical cells for a chosen
geometry, is one of the most important parameters in acousto-optics. Usually it
is desirable to have θ as small as possible, so Cs2HgBr4 and Cs2CdBr4 are rather
suitable materials from this point of view. From another point of view, low values
of ultrasonic velocities for both longitudinal and transverse modes enable us to
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Fig. 7. Angle dependence of the deviation angle θ between the ray and propagation vectors
for the (a) XY , (b) XZ and (c) YZ planes of Cs2HgBr4 crystals.

predict high acousto-optical parameters (diffraction angle Θ and acousto-optical
quality M 2) in these crystals. Since Θ ∼ V−1 and M 2 ∼ V−3 (Balakshyi et al .
1985), both these parameters are expected to have relatively high magnitudes.
Moreover, Cs2HgBr4 and Cs2CdBr4 are optically biaxial crystals. Therefore they
can be considered as relatively important materials for use in the construction of
acousto-optical cells with low optical losses, which may be achieved using sample
geometries with a wide range of acousto-optical interaction angles (Balakshyi et
al . 1985). We note that the list of similar materials with good acousto-optical
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Fig. 8. Angle dependence of the deviation angle θ between the ray and propagation vectors
for the (a) XY , (b) XZ and (c) YZ planes of Cs2CdBr4 crystals.

properties is not very long. Determination of the acousto-optical parameters of
these materials will be reported in our subsequent papers.

Let us consider now the results obtained in the framework of the phenomenological
theory. The elastic compliances S ij , as well as the compressibility constants K ij ,
are expressed through the elastic constants C ij by equations (3) and (4). Therefore
it is sufficient to consider the anomalous behaviour of separate elastic constants
C ij . The anomalous behaviour of the elastic constants in the region of the phase
transition from the normal to the incommensurate phase is commonly explained
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on the basis of a free-energy expansion with coupling terms that correspond to
the anharmonic interaction between the strains U 1–U 6 and the order parameter.
It is convenient to use as an order parameter the normal phonon coordinate
Qk which, according to symmetry considerations, belongs to the irreducible
representation Σ3 of the space-group symmetry of the high-temperature normal
phase. The elastic part of the free energy in this case may be presented in the
following form (Kityk et al . 1993):

FQ,U = 1
2ω

2
kQkQ−k + 1

4B(QkQ−k)2 +
3∑
i=1

aiOkQ−kUi

+ 1
2

6∑
i=1

biiQkQ−kU
2
i + 1

2

3∑
i,j=1

i6=j

bijQkQ−kUiUj , (6)

where ω2
k = A0(T−T I)+h(k0−k)2 is the square of the soft-mode frequency, k

is a wavevector, and ai and bij are coupling constants that correspond to third-
and fourth-order phonon–phonon anharmonic interactions respectively. Using
equation (6) and taking into account the amplitudon–phason splitting below T I

(Dvorak and Petzelt 1978), we obtain the full elastic anomalies in the static limit
(Ωτ ¿ 1):

∆Cij = − 4aiaj |Qk0|2
ω2
A(q)

+ bij |Qk0|22

= 2aiaj/B + bij |Qk0|2, i, j = 1–3 , (7a)

∆Cii = bii|Qk0|2, i = 4–6 , (7b)

where ω2
A(q) = 2A(T I–T )+hq2 is the amplitudon frequency, and |Qk0|2 = A0(T I–

T )/B is the equilibrium value of the order parameter amplitude. Only the
behaviour of the shear elastic constants C 44, C 55 and C 66 is in good agreement
with predictions of the phenomenological theory. The corresponding kinks or
their temperature dependences (Fig. 2) at T = T I are caused by the contribution
of the order parameter amplitude (see equation 7b).

Following equation (7a), the value of the elastic constants C ij (i ,j = 1–3)
would exhibit jump-like changes (∆C ij = –2aiaj/B) at T = T I. The same
anomalous behaviour is also predicted for the elastic compliances S ij (i ,j = 1–3)
and compressibility constants K ij . On the other hand, equation (7a) does not
lead to any effect above T I, contrary to the experimental evidence indicating
pretransitional softening of the elastic constants in the normal phase. As usual,
the origin of such behaviour is attributed to fluctuations. Following Levanyuk et
al . (1992), the additional fluctuation contribution above T I (in the static limit
Ωτ ¿ 1) may be presented as (see Kuzel et al . 1994):

∆Cfl
ij = −aiajF (T ); F (T ) =

kBTI

16π|Cx|3/2[A0(T − TI)]1/2
. (8)

According to this formula C ij should decrease when approaching T I as is
observed (see Fig. 2). However, the absence of jumps of C ij (i ,j = 1–3) at T I
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does not follow from the theory (Levanyuk et al . 1992). On the other hand,
this theory does not take into account critical fluctuations, which appear very
near T I. According to Kuzel et al . (1994) these critical fluctuations can be
responsible for the continuous changes of the static elastic constant C ij in the
vicinity of a normal–incommensurate phase transition. Using the dependence
F (T ) determined from C 22(T ) (see Fig. 2) we have fitted the dependences of
all the other elastic constants including the compliances S ij (i, j = 1–3) and
compressibility constants K ij in the normal phase. The dashed lines in Figs 2–4
are the best fits according to equation (8). The ratio between coupling constants,
a1 : a2 : a3, which defines the anisotropy of the fluctuation contribution, was found
to be 0 ·4 : 1 : 0 ·4 (Cs2HgBr4) and 0 ·3 : 1: 0 ·27 (Cs2CdBr4).

4. Conclusion

Using ultrasonic velocity measurements, all components of the elastic constant
matrix C ij , elastic compliances S ij , and linear compressibility constants K ij of
orthorhombic Cs2HgBr4 and Cs2CdBr4 crystals have been determined in a wide
temperature range including the region of the phase transition from the normal
to the incommensurate phase. The elastic properties indicate clear anomalous
temperature behaviour in the vicinity of the incommensurate phase transition. An
explanation of the elastic anomalies near this transition is given in the framework
of the phenomenological theory. Clear pretransitional softening of C ij , S ij and
K ij (i ,j = 1–3), observed in the normal phase, is attributed to fluctuations.

Cs2HgBr4 and Cs2CdBr4 crystals show relatively low values of the deviation
angle between the ray direction and the propagation direction, as well as low
values of the ultrasonic velocities of the longitudinal and transverse modes, which
clearly indicates that both compounds should be rather effective materials in
acousto-optical applications.
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